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INTRODUCTION 
Just forty years ago. Turner (1925) wrote, "The science of breeding 
or genetics has as yet contributed comparatively little to the improvement 
of farm animals," Today this science is intimately a part of improvement 
in dairy cattle. 
Artificial insemination, itself a product of research, has provided 
a means of applying the results of breeding research and theory to commer­
cial enterprises and has also provided the motivation for further research. 
The relationship between theory and practice may be inferred by comparing 
the findings of Wade11 and McGilliard (1959) and Robertson and Rendel 
(1954) with those of Van Vleck and Burke (1965). The former found that 
bull selection in AI herds was no better than in non-AI herds, while the 
latter found that AI sires are now consistently above non-AI sires. The 
extensive use of artificial insemination, coupled with the use of high 
speed computors in recent years, has created a strong demand for commer­
cially important theory and has provided an almost instantaneous means of 
putting the theory into practice. 
Host recent studies in dairy cattle breeding have been made with the 
impact of artificial insemination in mind. More than a dozen papers in 
the Journal of Dairy Science, Volume 48 (1965), relate directly to the 
question of how best to rank sires which are to be used in artificial in­
semination. Continuous changes in the use of artificial insemination (e.g. 
frozen semen, selected matings, consolidated studs, and young sire sampling 
programs) leave no doubt that the science of breeding will continue to 
develop and to have a continued and major impact on improvement in farm 
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animals. 
There are numerous indications in the literature that the assumption 
of homogeneity of variance among subclasses, required by the statistical 
logic of many current animal breeding theories (Clayton et al., 1957), is 
not in fact completely fulfilled. The near universality of heterogeneous 
variances (see the following review of literature) and the generality of 
the assumption that heterogeneity is either not present or not important, 
indicated the need for a specific study of the problem. 
The study was in two stages. Documentation of the presence or the 
absence of heterogeneity among the variances of both genetic and non-
genetic groupings of data is found in the first stage. Evidence in the 
literature is surveyed and data from a twin herd, a closed herd, and two 
sets of field data are analyzed. In the second stage, some means of cor­
recting for heterogeneity or, failing in that, an assessment of the influ­
ence of heterogeneity upon sire indexes and heritability estimates is ex­
plored, Emphasis will be directed toward paternal half-sib groups because 
of their importance to studies of AI data. 
Interest in heterogeneity of variance is not new in dairy cattle 
studies. The interest has generally fallen into two categories; 1) the 
genetic control of uniformity and its commercial implications (Turner, 1925; 
Johnson, 1945), and 2) the statistical interpretation of data exhibiting 
heterogeneity of variance (Smith and Robison, 1937; Berry and Lush, 1939; 
Tucker and Legates, 1965; Van Vleck and Barr, 1963), 
Factors implicated as causes of or as useful indicators of the differ­
ences between variances will be identified where possible as a part of 
3 
stage one, A general transformation can be constructed only if indicators 
of heterogeneity are established. 
A word should be said in respect to the use of the term "variance" in 
2 
this thesis. The distinction between the use of variance to indicate cr , 
the second moment about the mean of the frequency distribution, or o"^, the 
- 2 
y,2 r (X - x) 
estimate of it, where a = ) ^  _ 'l » will depend upon the context. 
Obviously, when estimating the variance of an infinite population, cr^ can 
only be estimated from a sample and the denominator n - 1 will have been 
used, A hat (a) will be used to indicate the sample statistic. 
Total variance has come to be accepted as a technical term in statis­
tics, It is used to indicate the sum of the components of variance which 
have been estimated from an analysis of variance; it will be used in this 
sense in this thesis. The variance within some subclassification of a 
sample will be identified as such when encountered and the subclasses will 
be defined. 
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EVIDENCE OF HETEROGENEITY 
Review of Literature 
The following citations are presented in groups which describe vari­
ance within some common classification (breed, month of lactation, number 
of the lactation, herd level, etc.). It is not meant to imply that any 
heterogeneity among the variances is a direct result of a single common 
factor; there may be many factors involved. Where these confounding 
factors are known they will be pointed out. What is needed is some factor 
which can be used as an indicator of the amount of variation which can be 
expected within groups of paternal half-sibs. It was hoped that a broad 
survey would lead to some such factors. Where possible, recent studies 
using A I data have been reviewed because of their closer association to 
current problems. 
A few pertinent studies \^ich dealt only with butterfat yield have 
been included in this review. Butterfat yield in a few studies which dealt 
with both milk and butterfat has also been given attention so that the two 
traits could be compared. Except for these, this thesis has been limited 
to milk yield. 
Breeds 
Legates et _al. (1956) give the variances for Guernsey, Holstein and 
Jersey data. The variances within each breed were computed from the single 
records of paternal half-sibs in the same herd. The variances appear to be 
different for each of the breeds, according to F tests. The significance 
is considerably less certain for 2x-305-ME butterfat yield than for milk 
5 
yield.^ The variances rank in the same order as their corresponding means 
except that the Guernseys were less variable than the Jerseys in milk pro­
duction (Table 1) • 
Wadell and McGilliard (1959), also working with Holsteins, Guernseys 
and Jerseys, give the variances among daughters of the same sire in the 
same herd. Their data included completed first lactations of AI heifers 
adjusted according to the production of their non-Al herdmate contemporar-
2 
ies. F tests again indicate significant differences between the breeds 
for ME milk (Table 1) and less significance for ME butterfat yield. 
Deaton and McGilliard (1964) give the variance of first lactation 
3 
2x-305-ME milk production records deviated from the records of herdmates 
freshening during the same year. Their data included only daughters whose 
dams had at least three records. The Holsteins were more variable than 
the Guernseys, This was true for each lactation of the dams as well as 
their daughters. 
Van Vleck (1964) provides estimates of the total variance for five 
breeds for 2x-305-ME milk deviated from herdmates. The analysis was made 
between and within sires. The means (lbs.), total variances and coefficients 
^2x-305-ME will be used to identify records which have been standard­
ized to 2 milkings per day for the first 305 days of the lactation (or ex­
tended if necessary because of sale or death) and which have been corrected 
to a mature age-level, 
O 
"Contemporary" will be used in this thesis to indicate contemporary 
herdmates of similar age and in the same lactation. 
^"Herdmates", as opposed to "contemporaries", will be used to indicate 
herdmates of all ages whose records have been standardized to mature equiv­
alents. 
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Table 1. Comparison of the variances of dairy breeds 
Breed Mean Vari­ St. D.F. 2 C.V. Source 
cwt. ance Dev. for cr % 
(x) cwt.2 (0-) or/x Nature of variance 
(0-2) 
Holstein 122 370 19 5,276 16 Legates et al. (1956). 
Guernsey 87 196 14 1,639 17 Random single 2x-305-ME rec­
Jersey 78 329 18 686 23 ords of paternal half-sibs 
in the same herds. 
Holstein 122 423 21 246 17 Wade11 & McGilliard 
Guernsey 81 128 11 59 14 (1959). Completed first 
Jersey 76 237 15 31 20 lact. records deviated from 
natural service herdmates 
within sires, herds and herd 
X sire groups. 
Holstein 134 553 ?.4 6,282 18 Van Vleck (1964). To­
Brown Swiss 119 577 24 98 20 tal variance from a between 
Ayrshire 103 463 22 330 21 and within sire analysis of 
Guernsey 89 297 17 455 19 2x-305-ME first lact. rec­
Jersey 87 336 18 244 21 ords deviated from herdmates 
Holstein X 51 121 11 103 21 Howe (1946). Variance 
Guernsey X 39 63 8 342 20 of 2x-305-ME records within 
Jersey X 40 91 10 577 24 groups differing in their 
amount of zebu blood. 
of variation (C.V.) are given in Table 1. 
Howe (1946) studied the effects of zebu blood on Holstein, Guernsey 
and Jersey crosses under tropical conditions in Jamaica. The 2x-305-ME 
mean milk yields (lbs.) and corresponding variances for the purebreds and 
the purebred-zebu crosses were computed within groups of animals with 
common percentages of zebu blood. The resulting variances, pooled across 
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groups, are given in Table 1, Not only was the mean lowered in comparison 
to the corresponding purebreds in temperate climates, but the variance was 
reduced as well. The ranks of the variances of the breed groups follow 
those of the purebreds cited from the continental U.S. data. The coeffi­
cients of variation were slightly higher. 
Sundaresan et (1954) dealt with small numbers of western-zebu 
crosses. No relationship between the mean and variance is apparent in 
their data. However, both the overall mean and the pooled variance were 
smaller than those in data from the United States. The mean was 3,819 
pounds of milk and the variance was 1,638,781, yielding the high coeffi­
cient of variation of 34 percent. 
There is heterogeneity of variance among different breeds of dairy 
cattle. In so far as breeds are often differentially distributed geograph­
ically, some of the heterogeneity may be due to environmental factors. The 
agreement between the rankings of the four independent studies in Table 1 
discounts this interpretation and indicates that variance is a genetic 
characteristic of a breed. 
Most of the breed variance is associated with the breed mean. The 
relation of the mean tends to be slightly closer to linearity with the vari­
ance than with the standard deviation. Thus, the coefficient of variation 
does not appear to be truly constant but only nearly so. It tends to rise 
as the mean decreases. The Guernsey breed deviates from this pattern, being 
less variable than expected. 
The pathways of the mechanism which control variation within a breed 
may be complex and indirect. There is some sharing of genetic factors 
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controlling variation with those factors which control mean production. 
Whether or not a genetic control applies also to the variation expected 
within different groups of cows within a breed should not be postulated 
from observing breed differences alone. 
Month of lactation 
Madden et al. (1955) computed the variances among monthly milk pro­
duction records of the Iowa State Holstein herd. The mean lactation curve 
for this herd followed the usual pattern, i.e. reaching a peak during the 
second month after freshening and declining thereafter. The variance with­
in each month, on the other hand, increased with each succeeding month de­
spite declining production. 
Madden et al, (1959) computed corresponding statistics from HIR 
(Holstein Improvement Registry) data. However, the monthly production was 
computed from the usual DHIA (Dairy Herd Improvement Association) centered 
test day rather than from an actual summing of the production during the 
month. This caused larger variability in their data especially in the rec­
ords from the first month. 
The fourth through the seventh months showed the lowest variability. 
The yield in the fifth month was most highly correlated with total produc­
tion even though it makes up a smaller part of the total than does the 
yield in the first, second or third month. This higher correlation must 
be due either to lower variability of the fifth month or to a higher co­
variation of the fifth month with the total. Gaines (1927) explained how 
persistency can cause the sixth month to be a better indicator of total pro­
duction than any other single month. His reasoning also would explain why 
s 
mid-lactation months are less variable* The lactation curves of cows 
having the same total production, but differing in persistency, tend to 
cross at the sixth month. 
Van Vleck (1964) gives the total variance for 150 day (5-month) milk 
production for AI records deviated from herdmates. The variance was 
1,734,800 Ibs,^ or 31.4% as large as the 305 day variance. This is 79.6% 
as large as it would be expected to be (approximately) judging from the 
ratio of the means. The ratio df the means was 0.628. Heritability esti­
mates were 0.27 and 0.26 for the 150 and 305 day records respectively. 
The equivalent herltabilities of the 150 and 305 day records indicate 
that, although environmental factors probably contribute in increasing 
measure to the final months of a lactation, genetic variability, perhaps 
in the form of persistency or maturity contributes a proportionate amount. 
Van Vleck (1964) found the genetic correlations between 150 and 305 day 
records to be above 0.90. Such a high correlation, although automatically 
high because of the correlation of the part with the whole, does not leave 
a great deal of room for differential genetic factors between the first and 
last parts of the lactations. 
Lactation totals are composéd of a sum of dally production records or 
of a sample of daily production. Noting that the variance changes with 
each stage of lactation, it would seem profitable, in trying to unravel the 
nature of factors affecting the variance of the total lactation, to en­
courage studies of daily production during the different stages. 
First and subsequent lactations 
There is general agreement that the first lactation is more Indicative 
10 
of a cow's breeding value than is any one of her subsequent lactations• 
Heritabiiity of milk is generally highest during the first lactation (see 
Molinuevo and Lush, 1964, for references), Allaire and Gaunt (1965) ob­
served that the lower coefficients which they found when regressing the 
2x-305-ME first lactation on contemporaries as opposed to herdmates "might 
be interpreted to mean that the first lactation records are not as suscep­
tible to environmental differences as the later lactation records," Such 
an interpretation would explain the lower variability and higher herit­
abiiity of the first lactation. 
o 2 
Variances of 4,595,000 lbs. and 6,308,500 lbs, were reported by 
Allaire and Henderson (1965) for first and second lactations. The vari­
ances were computed from 2x-305-ME milk production records deviated from 
regressed, adjusted, herdmate means and were computed within sires within 
maternal grandsires. 
Butcher (1965) presents the variance of 2x-305-ME milk production for 
two populations of field data. The variances of his Iowa DHIA and Califor­
nia ABS (American Breeders Service) records were, respectively, 4,693,680 
2 2 
and 4,985,860 lbs. for first lactations and 4,888,770 and 5,586,470 lbs. 
for second lactations. Only those cows whose third lactation was their 
terminal lactation were included. Records were deviated from regressed, 
adjusted, herdmate means. 
White and Nichols (1965) computed variances for 2x-305-ME milk records 
2 
from Pennsylvania herds. The variances were 5,865,400 and 7,182,400 lbs. 
for first and second lactations respectively. Later lactations were simi­
lar in variation to the second lactation. 
11 
The general observation of smaller variance among first lactations 
indicates that first lactations are unique in their response to environ­
mental variation. An automatic mean-variance relationship would be ex­
pected to reduce the genetic and the environmental variability in equal 
proportions, 
The higher heritability estimates of the first lactation show that 
the genetic variance is not reduced proportionately. Some of the lower 
environmental variation may express itself as the greater persistency of 
first lactations (Madden et al» 1959). The cause of the lower suscepti­
bility is likely of a physiological nature linked perhaps with body re­
serves or the resilience of youth. 
Herd level 
Johansson (1953) noted that the variance in butterfat yield is larger 
in high than in low producing herds but that the relative variation (the 
coefficient of variation) is smaller. His data were from 1,243 Swedish 
Red and White (SRB) cows each of which had at least five lactations. 
Korkman (1953), on the other hand concludes, "No differences have been 
found between herds on different planes of nutrition, neither between the 
heritabilities nor between the standard deviations of the deviations of 
the yield of the cows from the contemporary herd averages." Korkman*s 
data included 959 first lactation daughter-dam pairs of the Swedish Red 
and White and Swedish Friesian breeds. 
2 
Robertson and Rendel (1954) listed X values which gave no significant 
evidence of different variances between groups which were classified 
according to herd level. The trait which they tested was the regressed 
12 
difference in milk production between AI and non-AI first calf heifers 
milked in the same herd-year. There was no significant heterogeneity in 
any of the three breeds. Mason and Robertson (1956) using Danish AI data 
which had been ranked by the level of the herd, showed significant differ­
ences of the variances within sire-herd-years from level to level. The 
variances increased with an increase in the herd level but the coefficients 
of variation declined. Robertson et al. (I960) found that the variance of 
records expressed as contemporary comparisons within daughter groups, tends 
to rise as mean yield increases. Coefficients of variation were larger in 
the low-yield groups. 
Legates (1962) using field data from several sources, showed an in­
crease in the variance of Guernsey, Holstein and Jersey dams as the herd 
butterfat average (the average of several years) increased. The correlation 
of mean fat yield and intra-herd-year variances was 0.46 + 0.05, each herd 
being a unit. 
Brumby (1961) discusses the results of a New Zealand experiment in 
which heifers from herds classified as "high" or "low" were milked at the 
Ruakura experimental farm. There were no significant differences in mean 
production nor in the variability of the two sets of heifers milked at 
Ruakura. However, the within-herd variances of heifers reared and milked 
in the high and the low parent herds were different, being 946,000 and 
1,397,000 Ibs.^ respectively. The mean levels of production of the high 
and low herds were 6,203 lbs. and 4,322 lbs. Here then, is a case in 
which there is greater variation in the low herds. 
New Zealand cattle are predominately Jersey, or Jersey crosses, and 
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are fed no grain. One of Brumby's conclusions was that there were no 
significant genetic differences between the herds, Managemental factors, 
other than amount of grain fed, were the major factors contributing to 
differences between and within herds. However, an examination of records 
from identical twins which were placed in the high and low herds indicated 
that many of the genetic effects must have been operative in the form of 
genotype x environmental interactions. 
Variance seems to be related to herd-level in some studies but not in 
others. Many factors can be responsible for the discrepant results. A few 
factors which may be involved to a larger or smaller extent are listed as 
examples. 1) Differential levels of culling could distort the variances 
and contribute to heterogeneity of variance in some studies while not in 
others. 2) Management or feed may be a ceiling to production, 3) Poor 
management may make animals more susceptible to disease or to vary more in 
calving interval. 4) Physiological factors, possibly under genetic control, 
may cause better fed or better housed animals to react on a magnified scale. 
5) Genotype x environmental interactions can be an intrinsic part of hetero­
geneity of variation from environment to environment. 
The effect of herd-levels must almost always be studied from field 
data. Collection of such data involves decisions about which records are 
to be included in the study. Time limits and geographical limits to the 
collection must be set and can have important effects upon the variances 
(e.g. McDaniel and Corley, 1965b), The definition of abnormal records and 
decision about whether to include or exclude them can alter variances con­
siderably. Differences in these limits may explain why heterogeneity has 
14 
been found in some data and not in other. 
Individual production level 
White and Nichols (1965) published the standard deviations of milk 
production within groups of cows ranked according to their production dur­
ing the first lactation. The trait which they considered was the sum of 
all 2x-305-ME lactation records of a cow subsequent to her first. Thus, 
some (probably most) of the variation within groups was due to differing 
numbers of the lactations of the cows. A part would also be due to en­
vironmental factors which differentially affect production at different 
levels. A separation of the two parts is not possible without further in­
formation computed from the data. There was a consistent increase in the 
variance of the sum as the level of the first lactation increased. The 
higher producing cows completed more lactations. 
Berry and Lush (1939) computed the variance among the highest and 
lowest of the first five ME butterfat records of 89 cows. The high records 
2 
had a variance of 9,216 lbs. while the low records had a variance of 
2 6,724 lbs, , This increase in variance from low to high could be due to 
a factor associated with the ages at which the high or low records were 
made or with the years in which the high records were made. More probably, 
it indicates an inherently greater variability of high production. 
It is impossible to compute, directly, the amount by which a lactation 
is influenced by random effects, since a lactation cannot be replicated. 
Changes in the standard error may be inferred, however, as in the two ci­
tations above. Such inference can be misleading. Other methods, such as 
use of the production of identical twins, or segmenting the lactation and 
15a 
computing a variance from its parts can be used with greater confidence. 
Season of freshening 
Variances between HIR records within seasons, according to Tucker and 
Legates (1965), are smallest for cows calving in January, February, March, 
and May and are largest for September, October and November calvings. 
Their data included 121,935 2x-305-ME milk production records from thirty-
five states. Mean production in their data was lowest for July and August 
and highest for December and January records. The variances and means 
2 
showed no obvious association. tests indicated homogeneous variances 
across regions of the country for any particular month, but month to month 
variances were heterogeneous both within regions and across regions. 
Many factors could be involved in heterogeneity of variance from 
season to season. The practice of breeding the majority of the herd to 
freshen during a fall base-setting period and the often consequent high 
percentage of first calvings during that period may well affect variation 
of the lactation records from season to season. Differential culling rates 
during various seasons and differential nutrient intake as the seasons 
change may also be involved. Temperature, rainfall, length of day and 
other meteorological factors are certainly involved. It is also possible 
2 
that non-normality rather than heterogeneity has caused the significant %. 
in Tucker and Legates' data. Box (1953) discusses the effect of non-
normality upon Bartlett's test. 
Dam groupings 
Touchberry (1963) ranked daughter-dam pairs according to the dam's 
15b 
butterfat yield, Heritability, as estimated, did not change as the level 
of production of the dams increased. However, the genetic and phenotypic 
variances increased markedly. 
Van Vleck and Bradford (1964) divided records into decile groups 
according to herdmate production. The variation of the dams was less than 
the variation of their daughters in every group. There was a positive re­
lationship between the herdmate mean and the variance of daughter or dam. 
Figure 1 shows how the variances, in their data, changed as the level 
of the herdmates increased. Pairs of dams and daughters were grouped ac­
cording to the herdmate production of the daughters (Figure lA) and to the 
herdmate production of the dams (Figure IB), There is noticeable regression 
of the herdmate means towards a mean level for both groupings due to the 
fact that the herdmates of the dams are not perfectly correlated with the 
herdmates of their daughters. The herdmates of the daughters tended to 
have higher means than the herdmates of the dams, except for the regres­
sion at the high levels. This is in spite of the fact that almost all 
daughters were in the same herds as their dams. 
The relationship between the variance within a herdmate grouping and 
the herdmate mean is easily seen in Figure 1, The 10% of the daughters 
whose herdmates had the greatest production were more variable than the 
10% whose herdmates had the lowest production. Also, the dams of these 
same daughters were more variable for the upper 10% of daughters and less 
variable for the lower 10% (Figure lA), Similar results are seen for the 
ranking of the herdmates of the dams (Figure IB). These shifts in vari­
ance are evidence of the effect of herd management level (assuming herdmate 
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B. Ranked by Herdmates of the dams 
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Figure 1, The relationship between the variance of decile groups of 
daughter-dam pairs which were ranked according to their herdmate level 
(after Van Vleck and Bradford, 1964) 
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level is mainly due to management) and do not indicate any characteristic 
of dam level. 
The salient point of Figure 1 is that the dams are less variable than 
their daughters in all categories, regardless of whether they are ranked 
by herdmates of the dams or herdmates of the daughters. This is presumably 
due to the select nature of cows from whom daughters are kept. 
The dam does not provide a very useful classification by which to 
group their daughters' records in a study of heterogeneity of variance. 
The heterogeneity of variance will be partly an artifact of the grouping 
process used. Furthermore, in field data, environmental factors affecting 
both dam and daughter will influence the variation and, most importantly, 
the matter of selection will always be present. 
Paternal half-sib groups 
Turner (1925) noted wide differences in the range of the records of 
daughters of different Guernsey sires. The data available to him were 
highly selected (Advanced Registry) records. The view held by Turner (and 
no doubt by most of his contemporaries^) was that inheritance should be 
defined as the greatest potential capacity of an animal. Variation among 
a sire's daughters would then, according to Turner's point of view, be due 
in part to environmental accidents which prevented the daughters from 
reaching their potential. Breeding stock was selected from animals which 
^Possibly because of this view, Copeland (1938) looked at the possi­
bility of using a cow's highest record as the best indicator of her real 
producing ability. Berry and Lush (1939) exposed the fallacy of this rea­
soning. 
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had at least a few very high records. 
Smith and Robison (1937) considered it desirable to select bulls whose 
daughters have a high average but also have small variation amongst their 
yields® They found no connection between the degree of variability of a 
bull's daughters and the number of daughters nor between variability and 
yield within herds. There were, nevertheless, large differences between 
bulls in the degree of variability amongst their daughters. Thus, selection 
for both high yield and low variability seemed possible. 
Johnson (1945) tested for heterogeneity of variance among the butter-
fat production of sire progenies. Heterogeneity was highly significant 
but how much was due to the sire and how much to the confounded herd ef­
fects could not be determined. The correlation of 0.21 between the mean 
and the logarithm of the variance of a sire's daughters was highly significant. 
It was noted by Johnson that the variance of the daughters should de­
crease as the level of the inbreeding of the sire increased. Homozygosity 
of a sire should contribute to homogeneity among his daughters. A corre­
lation of -.10 was actually found, but, as expected, lacked statistical 
significance (See page 34). 
Wade 11 et (I960) tested for heterogeneity of variance from sire 
group to sire group of AI milk records. Herd effects would not be expected 
to be responsible for significant amounts of heterogeneity among variances 
within AI sire groups since, in AI data, herds are generally random with 
respect to sires. The test showed significant heterogeneity. Van Vleck 
and Barr (1963) supported these results from an analysis of 44 sires each 
having at least 200 daughters. They noted correlations of .33 to .36 
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between the variance of the first and second lactations of a sire's daugh­
ters, Repeatability of variances based on equally large but independent 
sets of daughters, would be expected to be lower than Van Vleck and Barr's 
correlations, because the same daughters appeared in both first and second 
lactations in their data. 
There seems little doubt, judging from the unanimity of the literature, 
that there is a sizeable difference in the variation among the daughters 
of different bulls. How much of this heterogeneity is due to biased tests 
of heterogeneity, as per Box (1953), to a genetic multiplier effect as pro­
posed by Van Vleck and Barr (1963), to level of inbreeding, genetic level, 
automaticity, or confounded environmental effects is not at all clear. 
Additional study of paternal half-sib groups appears to be desirable. 
This review of literature has shown a wide variety of factors which 
are implicated as sources or associates of heterogeneity of variance. 
According to several classifications, a positive correlation was observed 
between the variance and the mean. There were notable exceptions, espe­
cially between paternal half-sib groups, different stages of a lactation, 
and between the herd levels in some studies. Apparently the variance-mean 
relationship is only one of many factors involved in heterogeneity of vari­
ance, Additional examination of the problem is required. 
Analysis of Additional Data 
Further evidence of heterogeneity of variance and of its relationship 
to factors which were described in the literature was sought by utilizing 
several available sources of data. The data were not initially recorded 
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or collected for a study of heterogeneity of variance and, therefore, lack 
some of the niceties of a carefully controlled experiment. 
Twins 
Identical twins provide the only means of replicating a total geno­
type at a given time or at a given age. Twins are thus unique in dairy 
cattle studies in that they provide an estimate of "sampling" error where, 
as is most often the case, an individual lactation record is the experi­
mental unit. It should be noted that any random carry-over environmental 
factors which were a part of a twin's experience as a calf, often referred 
to as permanent environment, will be a part of this error. 
The Ankeny twin herd is composed of sets of Holstein twins which were 
purchased as young calves from dairymen throughout Iowa, One fourth of 
the pairs were assigned to a high grain ration, one fourth to a low grain 
ration and one half were split with one mate on each ration; thus three 
groups were formed: high pairs, low pairs and split pairs. Management of 
the farm has remained intentionally static, in so far as possible, during 
the nine years of its operation. There has been no deliberate selection 
for or against production either before or after the purchase of the calves. 
Heterogeneity of differences between twins The variance within 
pairs (one half the squared difference of mates) was calculated for each 
pair of twins. The trait used was their actual production, uncorrected 
for age, during the first 305 days of the first lactation as well as 
2x-305-ME production. This variance within pairs (Table 2) is an estimate 
of the variability which one might expect if a cow could be reared again 
in the same circumstances. 
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Bartlett's test of homogeneity of the variance within pairs was made 
for each group (high pairs, low pairs and split pairs) of identical twins. 
All six tests were highly significant (Table 2), Heterogeneity among the 
variances within pairs can safely be assumed to be a fact for first lacta­
tion production. According to the results in following sections of this 
thesis, it does not seem possible that non-normality accounts for more than 
a minor share of this heterogeneity. 
This is an important result. The twins were a fairly representative 
sample of Iowa Holsteins (Ramsay, 1964), although farmers tended not to 
report twins from their better cows.^ Inferences can be made with reason­
able accuracy from the Ankeny twin herd to the population of Holsteins in 
Iowa. The inference is that individual first lactation records of Iowa 
Holsteins have heterogeneous variances. 
The nature or cause of the heterogeneity is not nearly as clear as is 
its presence. Correlations of several different measures of variation 
(see Table 2) with the pair means seemed insignificant. No one measure of 
variation fits a linear relationship to the mean better than the others. 
Factors other than the pair means within each group must contribute to the 
heterogeneity of variance. 
Rations affect both mean and variance. The variance within low ration 
twin pairs is lower than the variance within high ration pairs. The mean 
freeman, A. E,, Ames, Iowa. Dr. Freeman has located twin pairs in 
farmer herds vAiich were reported in milk through the Iowa DHIA, He found 
that many of these pairs had not been reported to the University when they 
were born because the farmer did not wish to sell them. In these cases 
they were often out of superior cows. Personal communication. 1965. 
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Table 2, Heterogeneity among the variances within identical twin pairs 
and its relationship to the pair means 
Parameter 
Trait* 
Mates 
both high 
Ration Group 
Mates 
both low 
Mates, 
split" 
Number of pairs 12 12 21 
Bartlett's test^, "X? Actual 198** 178** 217* 
M.E. 171** 180** 248* 
Pooled variance Actual 2,407,000 lbs 493,517 1,247,620 
within pairs M.E. 3,096,892 lbs 886,642 2,175,235 
Coefficient of Actual 14 8 14 
variation M.E. 13 8 19 
Correlation of mean with: 
Variance Actual - .08 .27 .04 
/ M.E. -.47 .25 .05 
yVariance Actual - .20 ,10 .04 
M.E, -.41 .06 .01 
Log Variance Actual - .28 -;i7 - .02 
M.E. -.34 - .20 - .20 
Absolute value Actual -.00 - .24 .34 
of difference M.E. -.23 - .08 .20 
between mates 
^"Actual" refers to 2x-305 milk production during the first lactation 
while M.E* refers to the same record corrected to a mature equivalent. 
^The mean difference between the high and the low mates (i.e., the 
ration effect) has been subtracted from the high twins, 
Prhe double asterisks indicate significance above the 1% level. 
of the latter is, of course, higher. These two estimates of variance are 
independent and thus free from automaticity due to common elements. Their 
difference could be due to sampling, especially because the variation among 
pair means is very large (intraclass correlation of about 0.8) and there is 
9 
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significant heterogeneity among the variances within pairs. It may have 
happened by chance that the high ration group received the more variable 
pairs. 
Since the difference in variability between the high group and the 
low group could be due to the different pairs which make up each group, 
the variance among the high members of split pairs was compared with that 
of their low ration twin mates. In such a comparison the pair effects are 
held constant for the case of identical twins and are approximately halved 
for fraternal twins. These statistics are given in Table 3, The coeffi­
cients of variation of the identical split pairs are constant at 0,23. The 
increase in the variation among the high ration mates can be fully accounted 
for by a ration factor (ratio of the means) of 1,12. Within the limitations 
of statistical significance, these data indicate that the effect of rations 
is multiplicative rather than additive. This interpretation coincides 
with actual practice; the high twins were fed grain daily according to 
the formula, pounds of grain = 0,500 (pounds of milk - 10), while the low 
twins were fed according to the formula, pounds of grain = 0,167 (pounds 
of milk - 10), 
The effect of the high ration is not only to raise the mean but to 
increase the variation among records. This is displayed graphically in 
Figure 2, In viewing the graph, it should be kept in mind that the stand­
ard deviation of a low ration record is 775 lbs, (from the variance within 
identical low pairs) and for a high ration record is 1,609 lbs, (from the 
variance within identical high pairs), Those pairs in Figure 2 which do 
not follow the general pattern could easily be explained by random effects. 
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Table 3. Variance of twin pairs in which the mates were split 
High mates Low mates 
Number of animals MZ 18 18 
DZ 19 19 
Mean production (lbs.) MZ 9, 998 8,829 
DZ 9, ,796 8,293 
Variance (Ibs,^) MZ 5,558, ,165 4,052,682 
DZ 10,637, ,166 2,983,378 
Also, greater irregularities are expected in the slopes of the lines de­
picting the fraternal pairs because of Mendelian segregation. 
The greater range among the high ration fraternal than the high ration 
identical animals is most likely due to sampling variations in obtaining 
twin pairs. That this is a plausible explanation is supported by the 
relatively large size of the component of variance due to pairs. The 
square roots of the components due to pairs were 1,300 and 1,700 pounds 
for the identical uniform high and low ration pairs, respectively, and the 
corresponding intra-class correlations were 0,4 and 0,8, The fact that 
the larger component of variance appears among the low ration pairs must 
almost certainly be due to chance. No biological explanation is known 
which could explain it. 
Neither the pair level within a ration (Table 2) nor the ration level 
(Table 3) can explain the large amount of heterogeneity among the pair 
differences which was evidenced by Bartlett's test. Most of the 
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Figure 2. First 305 day Actual production of split twin pairs 
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heterogeneity comes from sources not associated with mean production. Ap­
parently some pairs of twins are relatively vulnerable to environmental 
factors while other pairs are more impervious to them regardless of their 
mean level of production or ration level. 
A differential response of the pairs to environmental factors can be 
interpreted as a genotype x micro-environmental interaction. But, since 
the micro-environments cannot be defined and measured, they must be handled 
as part of an error component in analytical problems. This interpretation 
coincides with that of Brumby (1961) which was discussed on page 11. The 
differential response may also be related to what is often discussed in 
the literature under the topic of buffering, canalization or developmental 
homeostasis (Lerner, 1958, Chapter 3). 
Daily production A lactation record, as calculated for the Ankeny 
twins, is actually the sum of a cow*s daily production for her first 305 
days following freshening. Furthermore, her daily production is the sum of 
the morning and evening milking. A preliminary examination of the component 
parts of the lactation record was undertaken in an effort to determine why 
some twins were more dissimilar and others more similar than expected from 
chance alone. 
Initially, a six day period was chosen at random (August 22, 1961 
through August 27, 1961). The mean production of nine pairs of identical 
twins was 20.2 lbs. and 14.2 lbs. for the AM and PM milkings, respectively. 
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The corresponding variances within pairs were 286 and 350 lbs. The larger 
PM variance is due to one animal. Milking was at 11 - 13 hour intervals 
and the twins were in all stages of lactation. The correlations between 
I 
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the means and the variances of the eighteen animals were 0,21 for AM 
milkings, 0.55 for PM milkings and 0.71 for the daily total. 
It is interesting that the correlation is lower for the AM milking. 
The mean level of production is greater for the AM milking. This is anal­
ogous to the results for the high and low ration levels (cf. Table 2), 
The variance among the six milkings of one twin was correlated with 
the variance of her mate by 0.13 for AM milkings, 0.87 for EM milkings 
and 0,55 for daily production. Both genetic factors and those environ­
mental factors which mates share, such as age and stage of lactation, 
would contribute to these correlations. The correlation of the variance 
among AM milkings with the variance among the PM milkings of the same cow 
was 0,120. 
These figures show that even at the most basic level of production, 
i.e. a single milking, there may be a complex of factors affecting the 
size of the variance, a part of which may be genetic. Two other analyses 
of daily production were begun, but, because of the need for extensive 
data in order to separate out the stage of lactation effects from pair 
effects, they were not found useful. 
Blood group loci Lerner (1958) discusses heterozygosity as one 
factor in dampening down response to environmental variation. The theory 
is that heterozygotes may be better buffered against environmental changes. 
That F^'s are often less variable in response to environmental disturbances 
than are their inbred parents has been demonstrated in several species of 
plants and animals for a number of traits (Dobzhansky and Wallace, 1953; 
Yoon, 1955; Bader, 1956; Clough and Cock, 1957). In fact, McLaren and 
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Michie (1956) propose the use of individuals in biological assay work 
because of their smaller standard errors. 
Heterozygosity, as a cause of developmental homeostasis, could help 
to explain the heterogeneity of variance within twin pairs. It is neces­
sary to measure the amount of heterozygosity of each pair to test this 
hypothesis. Evaluation of inbreeding coefficients of the majority of the 
twins included in this study was not possible because their parentage was 
unknown. However, blood types had been determined on all pairs. The F-V 
and Z systems could be used to determine the heterozygosity at two loci 
for each pair. 
Two loci cannot be expected to indicate general heterozygosity at a 
large number of loci with very much accuracy, especially when dealing with 
small numbers of animals. In addition, failure to detect heterozygosity 
does not prove homozygosity. Nevertheless, the data, being available, 
were analyzed for general interest. 
A null hypothesis (Hg), i.e. that there is no true correlation between 
the number of heterozygous loci and the variance within identical twin 
pairs, was tested. The alternative hypothesis which was chosen is: there 
is a negative correlation between the number of heterozygous loci and the 
variance expected within a twin pair. Frankly, no significant support for 
the alternative hypothesis was expected to be found, but a statistical 
test was appropriate to the situation and was thus given the onus of ac­
cepting or rejecting the null hypothesis. The test criterion was speci­
fied previous to analysis of the data. 
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The variance within identical pairs, 1/2 (X^-Xg) , was computed for 
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each pair of twins. Also, a code of 0, 1, or 2 was assigned to each pair 
according to the number of heterozygous loci indicated by the blood types. 
A rank test was used rather than a product-moment correlation because 
of the ration difference and its known effect on the variance (see page 23). 
The average variance of the pairs with 0, 1 and 2 heterozygous loci could 
be computed for each of three sets of data: the split pairs, the high-
ration pairs, and the low-ration pairs. The average variance within each 
set could then be ranked and the mean rank computed for each classification 
of heterozygous loci* The design and the average ranks of the classes are 
given in Table 4. 
The probability, assuming a null hypothesis, that the mean rank would 
be highest for 0, intermediate for 1, and lowest for 2 heterozygous loci, 
i.e. the rank expected under the alternative hypothesis, is only 16 out of 
216 or 7.4%. This seemed to be a suitable level for testing the null hy­
pothesis. Thus, if the mean ranks fell in accord with the alternative 
hypothesis, sufficient evidence was considered to be at hand for a tentative 
acceptance of the alternative hypothesis. 
The mean ranks which were computed from the data were 2.3, 2.0 and 
1.7 for the classes of 0, 1 and 2 heterozygous loci respectively. The 
pairs having no heterozygous loci generally had a larger variance within 
the pair. Therefore, the alternative hypothesis was accepted. 
The reader will, no doubt, be aware of the tentative nature of this 
conclusion. The results might be one of those 16 chance rankings which 
would happen even if there were no true difference, Laben and Stormont 
(1958) found a slight excess of cows in an inbred Jersey herd which were 
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Table 4. Size of variance within twin pairs relative to heterozygosity at 
two loci 
Number of heterozygous loci 
0 12 
(Rank of the average variance within pairs) 
Set 1 
(Split pairs) 2 13 
Set 2 
(High pairs) 2 3 1 
Set 3 
(Low pairs) 3 2 1 
Mean rank 2,3 2,0 1.7 
heterozygous at the B, F-V and Z blood group loci. Perhaps a pattern of 
results will become apparent as further studies of blood group loci are 
completed, 
The twins indicate that there is heterogeneity of variance within 
pairs and, therefore, heterogeneity of the standard errors of first lac­
tation records. The heterogeneity apparently has roots back to the level 
of daily production and even back to the gene level. No criterion which 
would be useful for predicting the expected error for a record was found. 
The number of twin pairs was small and the effects of the pairs were large. 
Most of the results could have been due to the particular set of pairs 
which happened to be included in the experimental herd. 
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A high level of grain feeding caused a pronounced increase in the 
variance within pairs. This larger variance of high ration animals may 
have masked a relationship between the mean production of a pair and the 
variance within the high pairs. This latter feature was present in the 
data from the low ration pairs. 
Closed herd 
Iowa State University has maintained a herd of Holsteins which has 
been closed to outside breeding since the 1930's, Approximately one of 
the highest indexing sires per year has been used as herd sire. Cows have 
been subjected to intentional selection according to their breeding value 
as estimated from a selection index. The index for each animal in the 
herd is computed semi-annually utilizing own performance, dam, sire, col­
lateral relatives and progeny. Both type and production are combined in 
the index with production weighted about three times as much as type. The 
herd is more fully described by Walton (1961). 
In this study, only first lactation records made from cows freshening 
after March 1943 were used. This limit was set because previous records 
included some 3x milkings, which would have had an undetermined effect on 
the variance. Also, the herd has been under the continuous care of Mr. 
Anthony Coletti since before 1943. Handling has not changed appreciably 
during this time although the feeding policy has been altered: green-chop 
feeding began in 1955 and heavy grain feeding began in November, 1962, 
with some increase in grain fed prior to that date. 
Correlation between mean and variance The records were divided 
into sire progeny groups. These groups were placed into two-year periods 
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depending upon which year the majority of the sire's daughters freshened. 
Analyses were made both within the two-year periods and ignoring the two-
year classification in an effort to account for time trends. 
The mean of and the variance among each sire's daughters, pooled over 
sires, were computed for each two-year period. The correlation between the 
means and the variances of the periods was 0.74, a significant figure, 
which indicates that time trends are interrelated with both the mean and 
the variance. The means, variances, number of records and mean inbreeding 
coefficients of the sires are plotted in Figure 3. 
In the twin data, there was a larger variance within twin pairs on 
the high ration. The rise in the curves for the mean and the variance in 
Figure 3 could be attributed to higher feeding levels and other improve­
ments in management. Inbreeding has also been increasing with time and is 
thus confounded with the feeding and management effects. Whatever the 
factors, the mean and the variance are highly correlated across these two-
year periods. 
Test for heterogeneity of variance Bartlett's test for hetero­
geneity of variance was applied to the 45 sires. No correction for time 
trends was made and the analysis was made without respect to years. The 
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"X- value was significant at the 5% level. 
It has already been shown that there was an increase in the variance 
within sires in the last few years, which could be partly accounted for by 
an increase in grain feeding. Part of this increase has contributed to the 
2 
significant TC value. 
To remove this and any other effects associated with the two-year 
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Figure 3. Time trends of the Iowa State University closed Holstein herd 
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periods from the test, a separate test was made within each of the periods. 
Only one of these ten tests showed significance. However, the degrees of 
2 freedom for each test were very small (an average of 3.5). The X. values 
2 
were summed to give a pooled "X. with 35 degrees of freedom, but this 
pooled value was also non-significant. These tests reveal that there are 
no significant differences among the variances of the daughters of these 
sires when compared within a two-year period of time. The heterogeneity 
which was observed in the data ignoring the year classification must have 
been due to some factor which was associated with time and not with the 
sires themselves. 
An unweighted linear regression analysis was used to characterize the 
variance-mean relationship. The regression of the variance among each 
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sire's daughters on the mean of his daughters gave an R value of 18.4%, 
when the analysis was made over all years. The same regression when made 
within the two-year periods gave an R of 3,5% and lowered the t-test of 
the regression coefficient below the 5% significance level. 
From these two analyses, it seems clear that the association of the 
mean and the variance in this herd is due to changes from year to year 
rather than from differences within years. In fact, according to the 
heterogeneity test, there were no significant differences between sires 
within years. Some of the heterogeneity of variance due to years can be 
characterized by the mean level of the years. 
The homogeneity among the variances within these sires is in direct 
contrast to the results of tests made of the AI sire groups as noted in 
the review of literature. Two explanations of this contrast seem plausible. 
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1) The Al sires may have been used differentially in respect to herds, 
length of time in service and year when entered into service. The sires 
within the two-year periods in the closed herd had none of these differ­
entiating factors in operation, at least to a degree comparable within the 
two-year periods, 
2) AI sires generally have wide differences in their genetic back­
grounds and a low degree of inbreeding. The sires of the closed herd on 
the other hand, have overlappings in their pedigrees and inbreeding co­
efficients which are several times as large as AI sires. 
Both environmental and genetic factors are seen to be possible expla­
nations of the homogeneity of the variances in the closed herd and the 
heterogeneity among the variances in the AI data. The closed herd does 
show that time trends can have an important effect on the variation among 
the daughters of a sire. Some of these factors will cause a linear re­
lationship between the variance and the mean. 
Inbreeding The coefficient of inbreeding of a sire is expected to 
be correlated with the potential variation among his daughters, A highly 
inbred sire has fewer segregating loci and, therefore, greater genetic 
uniformity among his daughters than a sire with a low degree of inbreeding. 
2 
However, only 4 of the variance would disappear. Even with complete 
homozygosity (F^ = 1), the phenotypic variance would decrease by only l/16 
if heritability were 1/4, Such computation suggests that more than one 
thousand daughters per sire would be required to show a significant F test 
between a sire with an average amount of inbreeding and one which is 
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completely homozygous. 
The mean inbreeding of the daughters of a sire is an estimate of the 
portion of the loci of each daughter which is expected to be homozygous 
relative to the total number of loci which were segregating in an average 
individual of the base population from which the inbreeding coefficients 
were computed. If heterozygosity is a cause of developmental homeostasis, 
the mean inbreeding of the daughters of a sire should be a partial indi­
cator of the degree of variation among them. 
A linear regression analysis was computed using the variance within 
sires as the dependent variable. The regression was identical to that 
which is discussed on page 33, except that three independent variables 
were used, including: 1) mean of daughters* milk records, 2) mean in­
breeding of daughters, and 3) inbreeding of the sire.^ 
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The R from this multiple regression when made over all years was 
19.4% as compared to 18.4% when the mean alone was included as the inde­
pendent variable. When made within the two-year periods, the corresponding 
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R 's were 5.0% and 3.5%. As expected, the partial regression coefficients 
for the inbreeding factors were not close to significance. The regression 
coefficients in the multiple regression were negative for the sire's in­
breeding, negative for the mean inbreeding of his daughters and positive 
for the mean yield of his daughters both over years and pooled within years. 
The coefficient for the mean approached significance. 
4he inbreeding coefficients in this herd were computed by Gordon M. 
Thomson and were made available to the author by him. 
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California herds 
American Breeders Service (ABS) has collected data from a number of 
cooperating herds in California, Since California herds were not, at that 
time, contributing to the regular Dairy Herd Improvement Assiciation (DHIA) 
data for the United States Department of Agriculture's sire analyses, two 
independent sources of data were available for a number of nationally used 
ABS bulls. The California data utilized in this study are the same as 
those of Hillers (1965), Only those 25 sires which had 45 or more Cali­
fornia daughters and also a published AI-DHIA sire summary were studied. 
The breeding values of the bulls were estimated in two ways, 1) The 
mean of the first lactation records of the bull's California daughters 
deviated from the regressed, adjusted average of their herdmates gave one 
estimate and will be referred to here as the California index of the sire, 
2) The DHIA means were taken from the last available listing of the DHIA 
Sire Summary List for that sire. No listing was used if published before 
October 1961 or later than May 1964. The value which was used for each 
bull was the mean of the deviations of his AI daughters and will be called 
the USDA index of the sire. 
The California and the USDA indexes were not identical for these 
sires. The product-moment correlation between them was 0,78, Several 
reasons can be suggested for the failure of the correlation to be unity: 
1) the use of only first lactations in the California indexes versus the 
use of all lactations in the USDA indexes, 2) the differences in the re­
gressions used by Hillers and the USDA, 3) genotype by environmental 
interactions such that the true value of a sire's breeding value changes 
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as he is used in California or in the rest of the nation, 4) differential 
selection between the daughters of the two sets of data, and 5) bias due 
to the fact that the two estimates of breeding value are not free from the 
effects of errors of measurement, i.e. sampling of daughters, 
Shewhart (1926) gives a discussion of correcting correlation coeffi­
cients for that bias which arises from random errors of measurement. Cor­
rection for this bias will provide an unbiased estimate of the correlation 
coefficient which one could expect if he had computed each of the breeding 
values of these sires from an infinite number of daughters. In other words, 
the correction gives an estimate of the maximum correlation which one can 
attain by adding more daughters. The addition of daughters should not, 
however, be interpreted as equivalent to adding to the number of herds in 
which those daughters are milked, 
Shewhart's method could only be approximated because the errors of 
the means were not homogeneous. The standard errors of the means in the 
California data ranged from 65 lbs, for the sire having 1,299 daughters to 
375 lbs, for the sire having 45 daughters. Both of these extreme values 
represent only a small fraction (about one tenth) of the standard deviation 
among the means; they, therefore, give nearly the same results. The cor­
rection for bias of the 0,78 correlation coefficient either had a negli­
gible effect or else raised it to 0,81, depending upon which value was 
used for the standard error of a mean. This bias is too small to warrant 
further consideration. 
It appears that, although the USDA and California indexes are not ex­
actly equivalent measures of breeding value, they may be used alternately 
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with comparable results. The differences between them are not due to sam­
pling of daughters but rather to one or more of the first four suggestions 
on pages 36 and 37. 
Bartlett's test for homogeneity of variance was computed for the 25 
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sires described abbve. The resulting X24 value of 51 indicates some com­
bination of heterogeneity and non-normality among the true variances with­
in sires. There is considerable heterogeneity in the sample. The standard 
deviation of the variances, perhaps a more useful measure of heterogeneity 
in a sample, was 3.7 x 10^ for this set of data. Calculations were made 
to determine whether some of this heterogeneity could be accounted for by 
the level of the sire index, 
2 
Student (1914) showed that there is no correlation between x and s 
in samples from a normal distribution. In samples from non-normal distri­
butions, a correlation between a mean and variance will have some portion 
due to using the same records to estimate both the mean and the variance. 
The USDA index being independent of the California data can be used to 
compute the correlation free from this automaticity, : The correlation 
between the USDA index and the variance of a sire's California daughters 
was 0,44, a significant value. The correlation of the California index 
with the variance among the same California daughters was 0,66, 
An alternative means of quantifying the automatic relationship of the 
variance and mean was tried, A multiple regression of the variance on the 
two indexes was computed and compared with a simple regression. The method 
is described by Snedecor (1956, page 419), The model and the resulting 
analysis of variance are given in Table 5, 
39 
Table 5. Analysis of variance of automaticity in a regression of a 
variance on the mean 
Source of variation DF Sums of squares / 10^ 
USDÂ and CÂL indexes 
USDA index alone 
2 
1 
62,480 
26,470 19 
Automatic (CAL index 
after USDA index) 
Remainder 
1 
23 
36,011 
74,888 
26 
55 
Model: % = +''1 (&SDA^ - =%SDA> + h - W 
cr^ is the variance among the California daughters of the ith. sire. 
(7^ is the true variance common to all sires. 
b and are the partial regression coefficients of the regression 
of the variance on the means. 
X . is the USDA index of the ith. sire. 
USDA^ 
x„._ is the California index of the ith. sire. 
CAL^ 
e, is the variance remaining after accounting for the two indexes and 
X 2 
has a mean of 0 and variance of cr . 
The important figures which resulted from this analysis are that; 
1) 45% of the variation (total sums of squares) was accounted for by both 
the California and the USDA indexes together, 2) 19% was attributed to the 
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USDÂ index alone, i.e. to a true correlation between the population means 
and variances, and 3) 26% was attributed to the California index after the 
USDA mean had been accounted for. This latter value (26%) is an estimate 
of the importance of automaticity (or non-normality). Since this value is 
computed from a difference it will also include factors other than automa­
ticity which are linearly related to variance. One possibility of such a 
factor would be the genotype by environmental interaction which was men­
tioned on page 36, The mean square due to the USDA mean after fitting the 
California mean was 2,249, a figure which is smaller than the "error" mean 
square of the regression, 3,256, 
The purpose of studying automaticity was to provide a means of ac­
counting for it in regressions of a sire index on the variance within the 
sire group. Whether or not the 26% which is attributed to automaticity in 
these data is justified for general use should be verified from other data. 
At least a first approximation of its importance has been made. 
The regression of the variance on the mean, in these data, is positive 
and represents about 19% of the heterogeneity among the variances within sires, 
Iowa DHIA data 
Collection of the data First lactation records were assembled for 
analysis from all Holstein cows in Iowa DHIA herds which were processed by 
the Dairy Records Processing Center at Iowa State University, The Dairy 
Records Processing Center had previously screened the records to exclude 
several obvious types of errors, (Iowa State University of Science and 
Technology, ca, 1965) Only 2x records were analyzed in this study and all 
lactations were excluded which had been made by nurse cows or by cows 
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which began their lactation with an abortion. All incomplete lactations 
were extended to a 305 day basia using the factors of Madden et al, (1959). 
The data were coded consecutively according to the year-season in 
which the lactation was initiated. There were two seasons per year: from 
May through September and from October through April, The first (1) year-
season included May through September, 1957, while the last (15) ended in 
April, 1964» The distribution of the number of records in each year is 
given in Figure 4. The first year-season was excluded from the data be­
cause of small numbers. 
The data cover the period of conversion of the DHIA herds in the 
State from manual computing to central processing. Thus, only 1.3% of the 
DHIA herds were centrally processed at the end of 1957 when the conversion 
was initiated, and 88% were centrally processed by 1964. The drop during 
the final year is due to those records belonging in that year which were 
not yet processed, McDaniel and Corley (1965b) have shown that truncation 
of records by calving date causes biases in the extreme seasonal classes. 
Unfortunately, the data used in this study were truncated by calving date. 
The herds initially entering onto central processing were mainly 
breeder herds and as such not characteristic of the population of DHIA 
herds. Beginning in about I960, however, the records would be more repre­
sentative of the total DHIA population.^ 
The truncation of records in May, 1964 added two additional 
^Donald E. Voelker, Director of Dairy Science Extension, Iowa State 
University of Science and Technology, Ames. Conversion to central proc­
essing in Iowa. Personal communication. 1965. 
No. of 
rec'ds 
1500! 
1350 
1200 
1050 
900 
750 
60C 
45C 
300 
15C 
Winter season (Oct. - Apr»,) 
Summer season (May - Sept.) 
, All records 
^ Only records not coded as 
, affected by abnormal conditions 
1 
"Yr.-seas. 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
Figure 4. Number of centrally processed first lactations in Iowa from May, 1957 through April,1964 
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complications. A higher proportion of the records in year-season 15 (imme­
diately prior to truncation) was accounted for by records which were ter­
minated in mid-lactation. Those records which were still in progress had 
not yet been processed. 
In addition, heifers which calved at an older age than their contem­
poraries would be excluded by the truncation if they had not completed 
their records in time for processing. The mean age at calving should, 
therefore, be lower in the last year-season. Also, the mean calving age 
of the daughters of a bull which was used for the first time about two 
years before truncation should be lower than for a bull who went out of 
service several years earlier. Some of these effects were minimized by 
setting narrow limits on the age at calving. The data were restricted to 
heifers calving between 23 and 33 months of age, inclusive. 
Measures of production Four measures of milk yield were carried 
for each animal. 1) The heifer's actual milk, used as such, is referred 
to as her Actual record. Actual records were not corrected for age. 2) 
The Actual record of each heifer was deviated from the regressed, adjusted 
mean of the heifer's first lactation, non-paternal sib, herd-year-season 
contemporaries. The resulting record is called the ACD record. The con­
temporary means were regressed and adjusted for number of records according 
to the equation: 
[Adjusted mean of 
contemporaries 
X 
Average of herd-year-season 
contemporaries' Actual records " year-season meai (1) 
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3) Each heifer's record was converted to a mature equivalent basis by use 
of the factors of Kendrick (1953), These records, used as such, are re­
ferred to as ME records. 4) The ME records were deviated from those of 
their herdmates to give MED records. These herdmate means were calculated 
according to Equation 1 except that the word contemporaries was replaced 
by herdmates where the herdmates included all non-paternal sib ME records 
beginning in the same herd-year-season regardless of the lactation number 
of the herdmate record. 
All four measures (Actual, AGO, ME and MED) were analyzed because it 
was not known what effect the various adjustments might have on the vari­
ances, Several transformations of these measures were made and analyzed 
but will be discussed later. 
The effect of herds on production is important in field data 
(Bereskin and Freeman, 1965), However, those herd effects which are ran­
dom with respect to sires, should have only minor effect on the differences 
between sires which have daughters in many herds. Herd effects are less 
important in deviated records than in non-deviated records. Even for the 
deviated records, the inclusion of more herds should reduce the confounding 
of herd effects with sire effects. Accordingly, the data were limited to 
heifers whose sires had daughters in at least five herds, thus automatically 
requiring at least five daughters per sire. Furthermore, each heifer was 
required to have at least either five herdmates or three contemporaries 
from which to estimate the herdmate and the contemporary means, respec­
tively. 
Effects of CAR (conditions affecting records) The data remaining 
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after the above limitations had been imposed were analyzed without further 
restriction. No limits were imposed on the range of milk production it­
self, The frequency distribution of these records is given by the outside 
curve in Figure 5 in terms of MED milk, 
A separate analysis was made of those records which were coded as 
being free from the major defects listed in Table 6 (GAR =0), The dis­
tribution of these unaffected records is given by the inside curve of 
Figure 5. 
The middle curve of Figure 5 represents all records except those made 
by animals who left the herd or aborted during their first lactation 
(CAR = 2, 3, 8), It can be seen that the space between the middle and the 
inside curve represents the number of animals whose records were affected 
by mastitis, accidents, illness, etc,; they will be referred to as affected 
records, hereafter. The space between the middle and outside curves rep­
resents animals which left the herd or aborted before their 305th day in 
milk and will be referred to as extended records. 
The percentage of records in each CAR class (from a sample of the 
data) is given in Table 6, The table shows that about 13% of all records 
are from heifers which either died or were sold. 
Meek (1961) reported that in ten Iowa institutional herds, 18.67» of 
the animals between the ages of 2 and 3 years left the herd. This figure 
is higher than that of Table 6 because of the number of second calvings 
which would be included in Meek's data and possibly because of advances in 
management which have been made in the last few years. 
Of Meek's 18.6% which left the herds, only 8.6% left because of death. 
Number of 
records 
all records 
all records except CAR = 2,3,8 
extended records 
640. 
CAR = 0 records 
affected records 
480. unaffected records ^ 
320-
80 • 
-15 . 
-30 +30 +7S O 
>IED milk in lbs./100 
Figure 5. Distribution of ,MED records of first lactation Iowa DHIA heifers 
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Table 6, Percentage of the first lactation records in each of nine CAR 
classes 
Conditions affecting records (CAR) code^ Total 
0  1  2  3 4 5 6 7 8  
Number 
of 
records 2,875 26 46 406 7 28 2 15 18 3,423 
Percent­
age 83.99 .76 1.34 11.86 .20 .82 ,06 .44 .53 100.00 
^CAR code 
0 normal 
1 estimated 
2 sold for dairy purposes 
3 died or sold for beef 
4 injury 
5 mastitis 
6 ketosis 
7 other sickness 
8 abortion 
Another 27.3% left for involuntary reasons and the remaining 60.1% were 
voluntarily sold. Reasons for the sales were mainly due to mastitis dam­
age or low production. Mastitis would be minimal in the first lactation, 
Voelker (1950) computed the percentages of cows leaving Iowa DHIA 
herds from 1935 to 1949. Of the 31.0% leaving the herds each year, 58.8% 
were voluntarily sold either because of low production (30.8%) or for 
dairy purposes (28.0%) and 5.9% died. His data included all ages of cows 
which had calved at least once. 
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It is evident that approximately 60% of the extended records which 
are included in the Iowa DHIA data represented in Figure 5, are due to 
voluntary sales. The extended records may thus be referred to as culls, 
for the purposes of this study, without serious inaccuracy. 
It would be desirable to exclude the affected records if the factors 
by which they were affected are as likely to happen to the daughters of 
one sire as to those of another. This would make it possible to study the 
variance among a sire's daughters with greater precision without adding a 
bias to the data. There was, however, a significantly negative product-
moment correlation (-.42) between the percent of a sire's daughters which 
were "culled" and the MED mean of his daughters with unaffected records. 
This correlation included only the 24 sires with at least 100 daughters. 
The correlation implies that many heifers leave the herd because of some 
factor associated with her sire. As a consequence, these data were ana­
lyzed both by including and by excluding the non-zero CAR records. 
Heterogeneity of variance within sires Eartlett's test for hetero­
geneity of variance can be used for three different purposes. Its original 
purpose was to make a statistical test of heterogeneity of variance in the 
populations being sampled. Box (1953) has pointed out that the test is 
easily influenced by small departures from normality in the parent popu­
lations and can be used as a test for such non-normality. However, 
heterogeneity and non-normality cannot be separated as causes of signifi­
cant results by the test itself, A third use which can be made of Eartlett's 
test is to describe a sample for the purposes of comparison. All three 
applications will be made in this section of this thesis. 
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The X. values from Bartlett's test applied to the Iowa data were 
transformed to the z scale of Fisher (1936), This transformation allows a 
direct comparison of significance levels, if one is justified in making 
the test of significance. The z values are given in Table 7, 
Table 7, Bartlett's test of the Iowa data transformed to a z scale 
Records Actual ME MED ACD No. of Av. no. 
included sires dau./sire 
All — 5.0 4.2 —- 178 50 
CAR = 0 4.8 4.9 5.3 — 158 45 
Contemp.G 2.8 2.7 2.9 3.0 132 34 
^he figures in this row were computed from only those heifers which 
had ACD records. Records with CAR =2, 3, 8 were excluded. 
It is evident that there is considerable variability among the vari­
ances within sires in this sample. If the parent populations are normal, 
there is highly significant evidence of heterogeneity in the parent popu­
lations. However, normality should be tested before attributing the sig­
nificance levels to heterogeneity rather than non-normality. 
The third and fourth moments about the mean of a normal distribution 
are equal to zero. Tests and measures of these two moments are usually 
based upon and 1^2 as estimated by and G2 respectively. (Anderson 
and Bancroft, 1952; Snedecor, 1956). The values of and G^ for each of 
24 sires are given in Table 8. 
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Table 8, Measures of non-normality of twenty-four sires with over one 
hundred MED daughters each& 
Skewness (Gi) Kurtosis (G2) Number of 
daughters 
Sire A 0 A 0 A 0 
6 .23 .35 .46 .87 121 101 
14 -.54* -.36 .97* .90* 173 149 
18 - « 16 -.11 .50* .72* 363 329 
38 -.58** - .44* 1.69** 2,29** 159 138 
39 -.08 -.14 .03 .20 154 135 
42 -.31* -.16 .77* 1.18** 235 197 
45 -.39 -.09 .58 .13 141 107 
52 -.41* -.09 .41 -.01 221 173 
54 -.17 -.24 - .21 .10 138 106 
55 -.14 -.07 -.04 -.33 175 151 
67 .19 -.59 1.67** -.26 112 95 
78 -.15 .33* .28 - .06 346 277 
79 -.52* -.57* - .02 .45 101 85 
81 -,60** -.29 .70* - .08 227 187 
84 - .44* -.54* .82* 1.47** 202 151 
92 -.51* .07 1.39** -.34 152 117 
97 -.25 -.31 -.41 .02 123 95 
99 -.10 .09 .58* .63* 600 505 
103 -.29 -.22 .75* .94* 182 148 
104 -.19 .07 .85* .46 252 191 
109 -.63* -,84** 1.82** 3.22** 115 94 
124 -.61** -.39* .95** .77* 359 272 
129 -.68** .02 2.11** 1.24* 158 123 
139 .03 .11 -.03 -.22 142 114 
Average -.30, -.18 .69 .60 206 168 
^One asterisk (*) denotes significance at the 5% level while two 
asterisks (**) denote significance at the 1% level. 
The figures under A are from all daughters of the sire while those 
under 0 are from unaffected daughters only (CAR = 0). 
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There seems to be little doubt that the characteristic distribution 
of daughters for these sires is one which is peaked (G2>0) and has a tail 
extending to the low end of production (G^<0), i.e. its median below its 
mean. Removal of the non-zero CAR records helped to correct for the non-
normality, but only slightly. Truncation of the tail-end values, such as 
practiced by Butcher (1965) on these same data, would have helped to nor­
malize the data even more. The data were not truncated in this study for 
fear of distorting the variances. 
Non-normality was diminished slightly when the records were expressed 
as ME records. Logarithmic and square root transformations were tried but 
were found to augment the non-normality. The transformations were made of 
the sum of each MED record and a constant, 1500. The constant was needed 
to assure positive values. MED records seem to be about as useful as any 
other measures of milk production to use in analyzing the data. 
There are differences between the shapes of the distributions of the 
records of the recorded daughters of these 24 sires as measured by and 
G2. What gives rise to such differences is not apparent. The differences 
may or may not be due to chance, A study of larger amounts of data would 
be needed in order to study the characteristics of individual sire distri­
butions, Judging from the variances of the G^ and Gg statistics as given 
in Figure 6 one would need about 200 daughters per sire in order to detect 
population differences as large as those indicated in Table 7. Preferably, 
each sire would have several independent sets of 200 daughters for each 
sire so that repeatabilities of the statistics could be computed. 
The significance level of Bartlett's test, when used to test for 
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2.0. 
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Figure 6. Variance of and G2 
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homogeneity of variance, will be biased by the non-normality which was 
characteristic in these data in such a way that too many significant val­
ues will be found. However, if the "X? values of the test do not really 
test heterogeneity of variance they may be used alternatively to test non-
2 
normality. How much of the "X. value of Bartlett's test is a result of 
heterogeneity of variance in the parent population, how much is a result 
of non-normality in the parent population and how much is due to sampling 
could only be approximated. 
According to Box (1953), Bartlett's test criterion M, is distributed 
1 9 
as (1 + 2 tTg) "Xg.2 where a is the number of sires. This distribution applies 
only when 0"2 is the same for all sires and each sire has the same number 
of daughters. Neither of these requirements is met by the Iowa data. 
However, an approximation of this correction for kurtosis was made by sub­
stituting §2, from Table 8, for "CTg, The results were to lower the M sta­
tistics by 26%, enough to bring the values below the 5% significance level 
2 1 
of a X distribution for most of the measures of milk. This seems to indi­
cate that many of the significant values of z in Table 7 were a result of 
kurtosis in the parent populations rather than to heterogeneity of their 
variances. The differences in the sample could also have been due to 
chance. No valid test of a null hypothesis was known. 
If the daughters of a sire are samples from a normal distribution 
and if the variances among the daughters of different sires are identical, 
two estimates of the standard error of the computed variance within a sire. 
4he actual distribution of the corrected M is not known. 
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/\2 
cr^ , are possible, 
A 
One estimate, V , is computed from the well known formula for the 
n-1 
variance of a mean square: V = . Since the variance within a sire is 
not known, cr is replaced by . The value, n , is the number of daugh­
ters of a sire. 
Another estimate of the standard error of O"^ , under the assumptions 
above, is V, V* can be computed from the actually observed variation 
among the , Thus, 
= z à • 
i • 1 
These two estimates will be equivalent, within the limits of sampling, 
if the parent variances are homogeneous and the parent distributions are' 
normal. They, in fact, provide the basis for Bartlett's test. 
V was computed using four different values of O"^ which were computed 
from the Iowa data. These four values were: 
= highest computed variance within a single sire 
H 
A 2 0"^ = lowest computed variance within a single sire 
Jj 
2 
& = weighted (pooled) variance, from all sires and all daughters 
2 
= weighted (pooled) variance from all sires but including only 
® their daughters with unaffected records (CAR =0), 
A 
The curves of V, using these four values, are plotted in Figure 7 for 
different numbers of daughters. 
The curves are only appropriate to a situation in which the daughters 
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Figure 7. The range of V, the variance of the variance of MED records 
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are samples from a normal distribution. 
The variance of under the circumstance of kurtosis is dV , where 
w ' 
d is 1 + -i , b'2 (Box, 1953). A value for d was approximated by sub-
^ n 
stituting (see Table 8) for b-g. V was also substituted for V such that 
A A  
dV was approximated by dV, The resulting curves fit just under Curves 1 
and 2 of Figure 7 when is replaced by and o"^ respectively. The 
A 0 
value used for was 0.7. With higher values, dV could easily fall out­
side the range of values bounded by the curves developed from the formula 
for normal data. 
A  
The observed variance, V , was computed for sires grouped according 
to the number of their daughters. The class limits for each group were: 
Group 2 5 6 n i 9 
Group 3 10 i n i 13 
Group 4 14 4 n t 22 
Group 5 23 6 n & 38 
Group 6 39 6 n & 63 
Group 7 64 1 n < 
A  
(Group 1 was composed of the totality of data). The computed values of V* 
and of dV are given in Table 9 for all records and for the unaffected 
records. 
A A A 
The comparison of V and dV in Table 9 does not rule out the possi­
bility of heterogeneity among the variances in the parent populations, 
A  A 4  
The fact that V is greater than dV in the last two groups is evidence of 
heterogeneity in the populations being sampled. No significance level 
could be attached to this comparison because of the several requirements 
of the formulae which were not met. The reverse situation of the components 
in Groups 3 and 4 cautions one not to attach a great deal of significance 
to these results. 
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Table 9. Two estimates of the standard error of O"^ 
^ Sire Group 
Statistic 
2 3 4 5 6 7 
All records 
a-1 
n-1 
37 
6.0 
22 
10.4 16.5 
22 
29.2 
20 
48.3 
35 
162.2 
u 
31.4 
13.8 
6.2 
10.6 
3.6 
6.7 
3.6 
3.8 
4.4 
2.3 
1.2 
.7 
= 0 records 
a-1 
n-1 
33 
5.9 
21 
10.3 
28 
15.9 
22 
20.9 
18 
46.2 
30 
145.2 
u 
49.0 
13.9 
6.2 
7.6 
3.6 
5,0 
4.4 
2.8 
2.6 
1.7 
1.0 
.6 
a, *4 
See text for a 
given in units of 10^ . 
Description of the sample distributions of 24 sires The distri­
butions of the twenty-four sires which had the largest numbers of daughters 
were studied individually for factors which might be associated with hetero­
geneity of variance. The distributions are portrayed in Figure 8, 
The distributions in Figure 8 are arranged according to the rank of 
their means. The two vertical lines in each distribution represent the 
means, the right and the left hand lines representing the means of the un­
affected and all records respectively. The distribution of the unaffected 
records is represented by the inner curve. The area under the outer curve 
description of the statistics. Both V and dV are 
Figure 8, Distributions and means of all (outer curve) and unaffected 
(inner curve) MED records of twenty-four sires with more than 
one hundred daughters 
Each sire's identification number is given to the 
left of his distribution. Corresponding data are 
given in Tables 8 and 10. 
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represents unity. 
There is no visually obvious pattern in these distributions except for 
the shift of the distributions from right to left as the means decrease. 
The differences in the variances seem to be due to a very few extreme re­
cords in many cases. As an example, the distribution of sire number 109, 
whose variance is 8 x 10^, may be compared with that of sire number 55, 
whose variance is 6 x 10^. Exclusion of affected records removed some of 
these extreme values but left a surprising number of very low records to 
be included in the analyses of "unaffected" records. 
It is assumed that many of the very low records were made by heifers 
who gave one monthly test and subsequently were dried up due to a major 
accident. They were held over by the dairyman for a second lactation. 
The DHIA supervisor may have failed to code these records as being non­
zero because the heifers were dry by the time of his second visit. 
It would be desirable to remove these accidentally low records from 
computations if it were known that the accidents were in no way associated 
with genetic qualities of the sire. This is not known. The effect of 
these extremely low records on the mean of the daughters of a particular 
sire will be small but their effect on the variance can be considerable. 
If one is willing to argue for exclusion of the extremely low records 
then he must also be prepared to argue for the exclusion of the extremely 
high records such as are seen in the distribution of sire number 67. The 
extremely high records could be due to the inclusion of one or more of 
the extremely poor records in the herdmate mean from which the heifer's 
record is deviated. If this were true, the distribution of the ME records 
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would not have as many extremely good records as the MED distributions and, 
as a result, the values would be more highly negative. Actually, the 
mean value of decreased from -0.30 to -0.17 for ME records. Gg values 
also were smaller for the ME records being reduced from 0.69 to 0.51. The 
ME records were more nearly normal than MED records within sires but did 
not help in eliminating extreme records from the data. 
The variances of the twenty-four sires of Figure 8, their means, their 
numbers of daughters and the percent of records which were classed as af­
fected are given in Table 10. The USDA index and inbreeding coefficient 
(F^) of the sires are also given. The inbreeding coefficients were com­
puted from a pedigree which extended five generations behind the sire him­
self, i,e. counting the parents of the sire as generation one. 
Multiple regression A multiple regression was computed to charac­
terize the relationship of the with several factors in the Iowa sample. 
The 52 sires having the largest numbers of daughters, including the 
24 sires of Table 10, were used in the regression. The limit to the num­
ber of sires was made because of the large standard errors of O"^ for 
sires having few daughters. 
Several different combinations of variables were made and a multiple 
regression computed for each combination. Several different dependent 
variable measures were used, including; , log o"^ , log erf , 
Ai Aji ^Oi 
cr , and o;, . Four sets of 13 sires each were used in an effort to make 
A^i "'Oi 
up independent replications which would give some idea of the stability of 
the results. An analysis of all 52 sires was also made. 
The combinations of independent variables which were tried were 
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Table 10. Statistics of twenty-four sires with over one hundred daughters 
each^ 
Sire 
code 
USDA 
index 
"^ i 
% of 
"Ai 
CARfO 
A2 
10^ 
A2 
10^ 
6 0 827 lbs. 826 lbs -450 lbs 121 16.5 606 520 
14 .05 320 476 -260 173 11.8 525 440 
18 0 783 1,018 -170 363 7.6 495 417 
38 0 75 153 -300 159 12.7 514 435 
39 .01 150 337 -90 154 11.2 525 511 
42 0 12 122 -380 235 15.4 555 461 
45 0 -163 -40 -390 141 23.6 597 502 
52 .03 320 501 -600 221 20.6 620 452 
54 0 20 1,218 -320 138 22.6 691 630 
55 0 386 875 -160 175 13.2 601 566 
67 0 494 912 -360 112 13.6 642 586 
78 0 529 749 -560 346 19.7 679 492 
79 .02 285 831 -490 101 15.0 535 413 
81 .07 1 154 -330 227 17.3 518 416 
84 0 -996 -998 -720 202 23.7 721 587 
92 0 -406 -510 -690 152 22.5 693 466 
97 .18 -815 -976 -440 123 22.1 444 361 
99 0 -373 -286 -300 600 15.1 482 411 
103 .02 -15 223 -370 182 18.7 553 487 
104 .07 3 144 -390 252 23.0 603 525 
109 0 647 844 -490 115 17.5 801 706 
124 0 -853 -791 -570 359 23.8 575 416 
129 0 -741 1,020 -570 158 22.2 644 455 
139 .02 20 99 -360 142 19.7 555 520 
Arith, 
mean .02 21 203 -407 206 17.9 591 491 
^An A subscript indicates a statistic which was computed from all 
daughters while an 0 subscript indicates those computed from unaffected 
daughters only. 
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numerous. Some of the variables which were used in one or more regressions 
were; the USDA index, the mean of the Iowa daughters' records, the in­
breeding of the sire, the mean level of the herdmate means, the standard 
deviation of the herdmate means, the mean year-season of the daughters, 
the standard deviation of the year-seasons of the daughters, the percent 
culled and the mean age of the daughters, 
2 
In general the multiple R *s from these multiple regressions were 
high, ranging from 67% to 99%. But, the magnitudes and even the signs of 
the partial regression coefficients changed radically from analysis to 
analysis. Not one single independent variable was found to have a consist­
ent value. Often a variable would be significantly positive for one group 
of sires and significantly negative for another group. It appeared, that 
2 
the high R s were the result of some phenomenon within each sample itself. 
There were some high correlations between the independent variables 
themselves, but the highly correlated ones, such as the USDA and the Iowa 
indexes were not included in the same regression. 
Regression of variance on mean A correlation between the sample 
means and variances may be anticipated when the samples are drawn from a 
single skewed parent population, A correlation may also be hypothesized 
to be the result of sampling from a heterogeneous set of populations in 
which the true means and variances are correlated. The former give rise 
to "heterogeneous" sample variances (compared to samples from a normal pop­
ulation) even though the samples are taken from only one parent population. 
The latter situation has true heterogeneity of variance on the population 
level and in the samples as well. In both situations the samples would 
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exhibit a correlation between the means and the variances of the subclasses. 
Simple correlations of the mean and variance were computed from the 
Iowa data. Because of the dubious value of a weighted correlation, the 
coefficients were computed within each of the seven groups of sires xdiich 
were defined on page 56, With the exception of the first group, each group 
was made up of sires having a relatively narrow range in their number of 
daughters. This removed some of the need for a weighting method and also 
provided something of a replicate. The correlation coefficients and the 
number of sires for each group are given in Table 11, The correlations 
are small and the variability among them is no greater than expected from 
data with few degrees of freedom. 
How much of these correlations is due to a true correlation at the 
population level and how much is due to sampling from a skewed distribution 
was not determined. The parent populations appear to be skewed, judging 
from the values of in Table 8, The mean value of was -,30 for all 
daughters and -.18 for the unaffected daughters of the twenty-four sires 
included in the table. With negative skewness, the bias in the covariance 
of the sample variance with the mean will be upward if all else is held 
constant. Judging from the work of Neyman (1926), all of these corre­
lations have been a result of skewness. The true correlation of sire 
effects with the true variance within sires must be very small. The Cali­
fornia data indicated a somewhat stronger relationship (page Ô8), 
There is no clear evidence in Table 11 that the relationship of the 
2 
mean is more nearly linear with the variance (cr^ ), the standard deviation 
(c^ ) or the log of the variance. One might expect that the correlation 
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Table 11, Correlations of the means and variances of sires grouped ac­
cording to their number of daughters 
Trait Measure of Group 
variation 12 3 4 
All records 
MED 
ti 
.07 
.09 
.03 
.06 
.23 
.23 
.11 
.10 
.28 
.26 
.07 
.08 
.26 
.25 
LOS *2. .11 .10 .24 
00 0
 1 .24 .10 .24 
Number of sires 178 38 23 37 23 21 36 
Unaffected records 
MED Ô-J .11 .15 .11 - .12 .13 .25 .33 
ME .16 .25 .05 -.12 .17 .47 .40 
Actual " .14 .24 .03 -.14 .10 .41 .43 
Number of sires 158 34 22 29 23 19 31 
Daughters having an ACD record (CAR = 0) 
ACD .14 .13 - .12 .16 .31 .51 .27 
MED " .04 .03 -.10 -.18 .33 .36 .23 
ME " .11 .17 -.26 -]09 .39 .38 .37 
Actual " .15 .21 -.29 .04 .52 .38 .34 
Number of sires 129 37 22 17 17 12 19 
Range in daughters/sire 5-600 5-9 10-13 14-22 23-38 39-63 64-600 
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with one of these three measures would tend to be larger than the other 
two, because it more nearly fits the linear hypothesis upon which the 
2 
product-moment correlation is based. The variance estimate, "a , is dis-
2 i 
tributed approximately as a X variable, and will have a definite skewness 
when the degrees of freedom are small as in Groups 2 and 3, The logarith­
mic transformation should approximately normalize the variances within 
groups. The correlation with the standard deviations would be expected to 
be highest if the underlying coefficient of variation is a constant. Re­
moval of the affected (CAR h 0) records tended to raise the correlations. 
Culling level and heterogeneity Selection is often mentioned as a 
source of bias in dairy analyses. The Iowa data enabled a check of the 
effect of culling during the first lactation on both sample means and vari­
ances, There is a considerable amount of selection which occurs during 
the first lactation. About 13% of the Iowa heifers left their herds 
during the first lactation from either voluntary or involuntary reasons. 
The majority of this culling (60%) was judged to be due to voluntary 
culling (page 47), 
The correlations between the percent of a sire's first lactation 
daughters which were culled and the means of the sire's daughters computed 
before and after culling (i,e, including and excluding extended records), 
are given in Table 12, 
The correlations in Table 12 leave little doubt that culling is re­
lated to a sire's mean. The daughters of poorer sires are culled more 
heavily than the daughters of better sires. Furthermore, the culling re­
duces the variance within sires by an amount which is, to some extent. 
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Table 12, Correlations of percent of a sire's^ daughters which were culled 
with the means and variances of his daughters 
Percent culled All Qûartile divisions of sires by 
correlated with: 52 numbers of daughters 
sires 1st 2nd 3rd 4th 
n = 226 n = 104 n = 60 n = 43 
USDA index -.60 
Mean of daughters (MED) 
before culling -.63 
after culling -.46 
Variance of daughters (MED) 
before culling +.08 
after culling -.18 
-.73 - .64 -.49 .65 
-.74 
-.55 
- .78 
- .69 
-.54 
-.38 
-.53 
-.31 
+.68 
+.31 
+.16 
-.07 
+.04 
- .29 
+.08 
-.19 
^he sires included are the 52 which had at least 37 daughters. The 
24 sires described in Figure 8 and Table 10 make up the majority of the 
first two quartiles. 
dependent upon the degree of culling. Culling, then, is a possible con­
tributor to heterogeneity of variance. It will be considered again in a 
later section. 
Sire indexes The effects of culling on a sire's indexé was very 
slight. Correlations between the indexes before and after culling were 
very high. These correlations as well as the correlations between other 
indexes of the sires are given in Table 13. The correlations were computed 
within quartiles of the same 52 sires i^ich were described in Table 12, 
%ach index is merely the arithmetic mean of the records of the daugh­
ters, The index has not been adjusted for the number of daughters. 
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Table 13« Simple correlations among several indexes of a sire's breeding 
value 
All Quartile division of sires ranked 
Correlated indexes 52 by number of daughters 
sires 1st 2nd 3rd 4th 
n = 226 n = 104 n = 60 n = 43 
USDA with 
MED (before culling) .90 
MED (after culling) ,86 
Actual (after culling) .75 
ACD (after culling) ,77 
MED (before culling) with 
MED (after culling) ,97 
Actual (after culling) ,88 
ACD (after culling) ,84 
MED (after culling) with 
Actual (after culling) .92 
ACD (after culling) .87 
Actual (after culling) with 
ACD (after culling) ,85 
.99 
.96 
.88 
.88 
.89 
.88 
.76 
.67 
.87 
.87 
.81 
,91 
,93 
.82 
.64 
.64 
.96 
.90 
.89 
.98 
.96 
.71 
.98 
,91 
,93 
,96 
,80 
,81 
.96 
.92 
.97 
.72 
.94 
.93 
.89 
,90 
.92 .70 .88 ,96 
The various indexes of a sire are not independent , All of a sire's 
daughters which have ACD records will also have their records included in 
the other indexes. Similarly, the records which make up an index which 
was computed after culling will be included in the index which was computed 
before culling. There will also be a correspondence, although far from 
perfect, between the records included in the MED index before culling and 
the USDA index. The USDA index included daughters from Iowa herds and, in 
addition, daughters from other states when the sire was used outside of 
Iowa, There is a perfect correspondence between the records which are 
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included in the MED and Actual indexes computed after culling. 
The various indexes are nearly equivalent measures of breeding value. 
Exclusion of extended records has altered the indexes only to a slight de­
gree. It should be made clear, however, that these indexes are based on 
sires with relatively large numbers of daughters. 
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DISCUSSION OF THE EVIDENCE OF HETEROGENEITY 
OF VARIANCE AND CORRECTION FOR IT 
Heterogeneity of variance among milk production records is complex. 
No general indicator of heterogeneity was encountered in the foregoing 
analysis and none seems likely to be found in future studies. At times, 
the factors which come into play seem to depend upon the particular ar­
rangement which is made of the data, and upon the type of analysis which 
is employed. Several conclusions about the presence or absence of hetero­
geneity seem to be possible, nevertheless. 
The agreement among several sets of data is strong evidence that the 
variability within a breed is a breed characteristic. The Guernsey breed 
is the least and the Holstein is one of the most variable of the major 
breeds in the United States, The ranking of variability was maintained 
even in crosses of these European breeds with zebu cattle. The mean 
level of production is closely associated with the variance, but not 
perfectly so. The association with the standard deviation is no closer 
to linearity than is the association with the variance. 
An equally consistent result in analyses of milk production data is 
the small amount of variability among first lactation records. The dif­
ference in variability between the first and later lactations seems to be 
due to a higher degree of resistance of the first lactations to environ­
mental fluctuations. It may be, however, that environmental effects are 
cumulative such that second lactations retain some of the environmental 
effects which happened during the first lactation. 
The cumulative theory can be applied to parts of lactations to explain 
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why the variance of single months increases (except during the first few 
months) as the lactation progresses, even though the mean yield declines. 
The practice of feeding cows according to their production in the previous 
month would be one of these cumulative factors. 
The variances within twin pairs were a great deal more variable than 
one could expect of samples from a homogeneous population of errors. Some 
genotypes are better buffered against environmental variation than are 
others or else are not subjected to as many or as severe random environ­
mental effects. Heterozygosity may be one ingredient of buffering action 
although an analysis of a closed herd failed to support such a claim. The 
significant differential response of twin pairs could have been due to a 
multiplier factor such as that discussed by Van Vleck and Barr (1963), to 
year-season effects which Tucker and Legates (1965) found to be significant 
or to other factors which contribute to genotype x environmental inter­
actions, Work by Brumby (1961) indicated that such interactions are im­
portant. 
There was a recurrent tendency for the variance to be larger in 
groups of data with high means. The tendency was apparent among ration 
levels, herd-levels, sire groups and other divisions of data. It was 
pointed out that some of this relationship could be due to selection from 
skewed populations. It was also noted that the relationship between the 
mean and the variance was generally small and, although usually positive, 
was occasionally strikingly reversed. For instance. Brumby (1961) de­
scribed data from New Zealand in which the variation among cows in herds 
with low means was much greater than in herds with high means. At the 
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other extreme, the low production in tropical conditions was found to be 
coupled with low amounts of variation. The mean level of production of a 
twin pair had Co consistent relationship to the mean. The mean-variance 
relationship in itself does not explain a large part of the heterogeneity 
found among twin pairs and sire groups. Year effects were found to be re­
lated to both mean and variance in one set of data. 
An analysis of the Iowa DHIA data revealed that skewness is probably 
a characteristic of the distribution of the population from which the 
sample of daughters was drawn, Skewness in a population causes an auto­
matic correlation between the mean and the variance of the samples from it. 
The California data indicated that automaticity accounted for only a por­
tion of the correlation. Another portion, presumably indicative of a true 
correlation on the population level, was highly significant. The corre­
lation between the means and variances was not strong enough, however, to 
make a correction by use of one of the ordinary transformations useful. 
Heterogeneity of sample variances is not necessarily an indication of 
heterogeneity among the variances of the populations from which the sam­
ples were drawn. It was apparent that the populations from which the Iowa 
data were drawn were sufficiently non-normal to contribute an important 
amount to the significance of tests of heterogeneity. Heterogeneity of 
variance within sires at the population level is not as large as the sam­
ples which have been tested have indicated, Bartlett's test should not be 
used as a test for heterogeneity of variance in milk production data with­
out some adjustment for non-normality. 
In view of these conclusions, no transformation of milk production 
70b 
records which would correct for heterogeneity seemed practical. There­
fore, attention in this study was turned toward the implications of small 
amounts of heterogeneity among the variances within populations to dairy 
cattle breeding. 
In spite of the complex and often cryptic nature of the heterogeneity 
which was observed among the variances within sires, a differential culling 
rate was found which could be expected to produce a small degree of hetero­
geneity in selected data. The influence of culling seemed to warrant fur­
ther study. 
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SOME IMPLICATIONS OF HETEROGENEITY 
OF VARIANCE TO DAIRY CATTLE BREEDING 
Science is increasingly requiring the development of mathematical 
models which can be used to represent the systems which are being studied. 
The foregoing exploration of milk production data and literature suggests 
that a modification of the standard animal breeding models to accommodate 
heterogeneity and non-normality would be appropriate. Tests of the va­
lidity of the models in the exploration centered upon what is commonly 
called the "error" component. The usual assumption of homogeneous errors 
was found to be inaccurate in most milk production data. 
The model described in Equation 2 is a common one in animal breeding. 
It will be utilized in the remainder of this thesis as indicative of some 
of the problems which can occur when analyzing heterogeneous data as if it 
were homogeneous. Although the parameters will be described in terms of 
sires and daughters, they are applicable to any comparable single classifi­
cation of data. 
The basic additive model is: 
Y.. = u + S. + e^i (2) 
xj 1 
where, Y^j is the record of the jth daughter of the ith sire 
j ~ Ij •••» 
i = 1, 2, a 
u is the true mean at the population level 
S, is the true effect of the ith random sire on his daughters; 
E(sp = 0; E(S?) = 0-2 
e_ is the error effect, E(e^j) = 0; ^(e^je^ij,) = 0 for all 
i, i', j, j' excepting when i = i' and j = j'. 
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Homogeneous Variance Model 
Several variations on this model can be developed by defining the 
distribution of the error term. Analytic procedures which result in tests 
of significance are usually conditional upon a single normal distribution 
of the errors: 
N(0,c^ ) . 
The analysis of variance based on the single normal model ordinarily 
takes the form of Table 14, 
Table 14. Single classification analysis of variance 
Source of Degrees Sum of squares Mean Expected 
variation freedom square mean 
square^ 
Between 
subclasses a - 1 
(E Y ( 2 Y 
f .1 ii - ij i.1 
"i "^"i 
2 
MSB 2 2 
Within 
subclasses 
|(n. - 1) f ? - lliiL 
n 
i 
MSW 
2 
°"w 
a_i 2 1 o 
The coefficient of o* is comDuted as c = —=— 2 n - i ni 
s a - 1 i i 
i i 
The F statistic for assessing differences between the S, is MSB^ the 
^ MSW 
distribution of the F values under a null hypothesis being commonly available. 
More often, it is estimates of the variance components lAich are de-
2 2 
sired. Unbiased estimates of tr^ and 0"^ are given by equating the mean 
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squares to their expectations and solving the equations. Of particular 
utility is t, the estimate of the intra-class correlation, T, computed as, 
s w 
A fuller description of the assumptions and methods employed in simi­
lar analyses of variance and intra-class correlations are given by 
Kempthorne (1957, pages 224-247) and also by Snedecor (1956, pages 268-285). 
The standard error of t, s^, can be approximated by several methods 
and confidence limits computed if the single-normal assumption can be made. 
Although the limits are only approximate, Jensen (1965) has shown that for 
true t equal to 0.05, they are close to the theoretical values. 
Non-normality of the e^j's may create a spurious covariation between 
A . 2 
the mean and the variance. This covariance. Gov S., CT, , will be a result 
i 
3 3 
of the third moment terms, E(sp and E(e^j), Accordingly, regressions and 
correlations between the mean and variance will not be useful in character­
izing the true nature of the heterogeneity of the variances within sub­
classes when the populations are non-normal. Non-normality will also in­
validate Bartlett's test as a test for heterogeneity of variance. Non-
normality does not affect the property of unbiasedness of ô"g and 
Heterogeneous Variance Model 
Van Vleck and Barr (1963) presented a common multiplicative model to 
describe the situation in which the variance of e^^ is dependent upon a 
multiplier, which is possibly under genetic control. Their model is 
for samples from populations with heterogeneous variances. In terms of 
Equation 2 their model can be written as 
74 
Yi^ = u + Si + k.e.j . (4) 
The multiplier factor, k^, could be a function of Sin which case 
there would be a correlation between the mean and the variance. In Van 
Vleck and Barr's data, the variances within the sire groups were not highly 
correlated with their corresponding means nor were they in the California 
and Iowa data which were analyzed earlier in this thesis. According to 
these results, the value of k^^ must be nearly independent of Sin paternal 
half-sib data. If the k^^ were known or could be suitably estimated, a 
weighted least squares analysis could be used in order to regain homoge­
neity of variance in the analytic procedures. No means of predicting k^ 
was found. 
It is common practice in dairy cattle breeding (e.g. Van Vleck et al., 
1961) to utilize both a fixed and a random model, depending upon the manner 
in which the data have been collected and the application which is to be 
made of the results. Thus, when an intra-class correlation is desired to 
predict genetic gain in the population, sires are considered to be an ap­
proximately random sample of all possible sires and a random model is ap­
propriate, But when estimating the breeding value of a particular sire in 
relation to other sires in a battery of AI bulls, it is appropriate to 
consider the sires as fixed elements in the model. 
When the S, are fixed, b.l,u, (best linear unbiased) estimates of the 
S. are easily obtained from the means of the subsamples (y^) less the 
overall mean (y): 
= 1  =  -  y  =  f - f j  /  ? " i  •  
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This estimator remains a b.l.u, even though the assumption of normality is 
relaxed.^ 
Similarly, when the are considered to be fixed, k, will be a constant 
2 2 ? 2 
and E (k^e^j) will equal kj^cr^ or, simply, . The variance within a par­
ticular subclass can be estimated without bias. 
The precision of the estimate will depend upon the number of daughters 
which are available for the estimate (see Figure 9). 
Even when the true variances within a subclass can not be estimated 
with enough precision to warrant the use of the estimates in a weighted 
least squares analysis, the direction which the effects of heterogeneity 
among the cr^ will have upon ^  and o"^ can be deduced, 
w^ w s 
Bias of Estimates of Components of Variance 
A2 
The variance within subclasses in the homogeneous model, cr^, is actually 
a weighted or pooled average of the variance within each subclass, ^  , 
a 2 ^ 
which we will call o" . This can be seen from the following formula; 
"p 
+ (22-l)&w2 (^ 2-l)^ Wa 
(n^-1) + (n^-l) + ... + (n^-l) 
In situations in which there is both heterogeneity of variance and un-
2 
equal numbers among the subclasses, both n^ and cr^ must be considered 
^Markoff's theorem (Kempthorne, 1952) does not require a normal dis­
tribution of errors. 
76 
jointly in order to determine the effect of heterogeneity upon The 
expectation of will be exceedingly complex if sires are random and 
P 
their numbers of daughters are random as well. However, if we have large 
enough samples such that cr^^will be very close to cr^ we can remove the 
hats without much alteration of the utility of the results. 
The difficult question, and one which is not answered in any defin-
a2 itive way here, is what do we want O" to estimate? In the completely 
Wp 
random case we would probably want to estimate cr^ , the arithmetic average 
O 
of the cr^ , If, however, certain sires are inherently expected to have 
2 larger n^ than others, a weighted mean of the cr^ might be preferred. When 
there are unequal numbers in the sample and these unequal numbers are pro-
A 2  
portional to the expected numbers, appears to be a logical choice for 
use. But, when the unequal sample numbers are due to chance, some other 
2 
value which would take account of the size of o"„ and also the random n. 
i 1 
would be desirable. 
The correlation between n. and 8"^ will have an effect on the size of 
.2 " i 
0" relative to what it would be in samples having equal numbers, A posi-
^P 
tive correlation between n. and cr will cause the larger variances to be 
A 2  
weighted more heavily than the smaller variances and cr will be corre-
Wp 
spondingly larger. The reverse will be true for a negative correlation. 
The simple correlations between the subclass numbers, variances and 
means for the Iowa DHIA data are given in Table 15 for sires having at 
least 39 daughters. Inclusion or exclusion of the extended records did 
not affect the correlations appreciably. 
None of the correlations reach the 5% level of significance and do 
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Table 15. Simple correlations between the variance, mean and number of 
observations of the subclass samples of Iowa DHIÂ first lac­
tations 
Correlated statistics 
Analysis^ d.f. O" and n- and x. n. and x 
w^ 1 w^ 1 1 1 
MED of all daughters 
of 52 sires 51 -.20 .16 -.13 
MED of non-extended 
daughter records of 
52 sires 51 -.21 .22 -.11 
^he sires included in this table are the same as those in Table 12, 
not, therefore, indicate strongly what one might expect from another sample 
of sires. They do, however, accurately describe the situation in this 
A2 
particular sample. The value for in this sample will be lower than 
if the sample had had equal n^. Values for and an unweighted mean 
of the sample values, were not very different in the Iowa data (Table 16). 
/\2 The value for 0"^ will be affected by unequal n^ on two accounts. 
(1) the coefficient, c, depends upon the amount of inequality of the n^ 
A 2. A 2 
and (2) cr^ is obtained by subtraction of cr^ from the mean square between 
subclasses. 
2 With adequate data, however, 0"^ can be estimated free from bias re­
gardless of the heterogeneous nature of the variances within the subclasses. 
This can be seen from the expectation of the difference between the mean 
square between subclasses (MSB) and the mean square within subclasses (MSW), 
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E(MSB -MSW) =c<+5^(1^ } (5) 
By rearranging Equation 5 and substituting MSB - MSW for E(MSB - MSW) : 
-  ' H f  \  " S  ' C T ?  V w J  •  < ' )  
2 2 A 2 
When there is no true heterogeneity (cr^ = or^., for all i, i'), cr^ 
will equal -^(MSB - MSW). When n^ = n, for all i, Œg will again equal 
A (MSB - MSW) regardless of heterogeneity. However, when both unequal num-
c 
bers and unequal variances are present, the bias included in Equation 6 
will need to be considered. 
2 
The bias can be corrected if one knows the true value of each o"^ . 
The variances computed within sires which have many daughters will be close 
enough to the true values for the purpose of this correction and, accord-
2 a2 ingly, may be replaced by . 
The bias was computed for three groups of sires with sufficient 
records in the Iowa DHIA data. The bias was negligible in all three cases. 
However, the range in the n, was limited by grouping the sires according 
A 2 
to the numbers of their daughters. The components before correction (or^ ) 
6 
and after correction (ô'^g) are included in Table 16. Group III was 
chosen to see what effect the correction might have on the unusually large 
2 
Œg which was found in that group. 
A major reason for computing OTg from paternal half-sib data is to com­
pute a heritability estimate, Heritability can be estimated as 4t, if o-g 
contains only the genetic portion of covariation among half-sibs. 
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Table 16, Heritability estimates of milk production, from intra-class 
correlations corrected for different n. and 1 w. 
Group 
III IV VII 
Range of daughters per sire (n.) 10 to 13 14 to 22 64 to 600 
Correlation between n^ and 
Number of sires 
-.38 
23 
+.10 
37 
-.20 
36 
2 Sire component, (10 lbs.) 
(1) uncorrected (âg^) 10,164 5,611 4,875 
(2) corrected (o-^ ) 
"UB 2 
Error component, (10 lbs.) 
10,159 5,616 4,842 
(3) pooled or weighted 52,239 60,760 58,274 
(4) arithmetic mean 54,783 60,459 59,667 
Heritability from lines 
1 and 3^ .65 t .25 .34 1" .12 .31 t .07 
1 and 4 .63 .34 .30 
2 and 4 .63 .34 .30 
®The values in this row are those which are computed under the assump­
tion of homogeneity of variance as in Table 14, 
2 A2 
If there is heterogeneity among the cr and unequal n., cr can be replaced 
1 s 
by 0"^ , A much more serious difficulty than the bias of could be de-
SUB ® 
ciding what value to use for o*^. The use of variance components to measure 
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the fraction of variability which is under genetic control becomes weakened 
2 2 
when the are truly different by large amounts. When the are not 
greatly different one might be tempted to use the mean value. Fortunately, 
0"^  and are not very different in the Iowa data and the decision makes 
little difference. 
The weighted mean, , and the arithmetic mean, , of the or^ 
were computed for the three groups of Iowa sires included in Table 16, 
Heritability estimates using both values are given. The estimates of her-
itability from lines 1 and 3 were computed in the usual manner. Correction 
for the bias of had no effect. The differences between the arithmetic 
and weighted means of the variances within sires caused only a slight 
change in the heritability estimates. 
The Effect of Culling 
Selection and its counterpart, culling, are the most important tools 
available to dairy cattle breeders. They are, however, important obstacles 
when it comes to making inferences from a sample to the total population. 
Inclusion of the extended MED records in the Iowa data gave 5,922,000 
2 2 
lbs, as an estimate of from all sires. Exclusion of the extended rec-
2 2 
ords gave 4,987,000 lbs, as an estimate of cr^, A decision about which 
value is the better will probably depend upon the use to be made of it, 
2 2 
The estimates of cr^ before and after culling were 525,000 lbs, and 
2 2 
477,000 lbs, » respectively. Which estimate is the better estimate of Ug 
if we wish to estimate the true genetic variability which could be utilized? 
The differences are not very large in this case. If we say that 525,000 
2 lbs. represents the genetic variability which is possible and that 
80a 
4,987,000 is the minimal amount of environmental variation, the resulting 
heritability estimate is 0.38. If we make the conservative estimate of 
heritability from the figures, it is 0.30. 
The culling which was practiced in these data was partially according 
to the sire means and partially according to the deviations of the records 
from the mean. In terms of Equation 2, culling appeared to be a function 
of both S. and e.., 
Two hypothetical situations were constructed which seemed to represent 
the two extreme types of culling. The two schemes are portrayed in Figure 
9. Diagram A represents culling strictly according to e^j; a constant per­
centage of each sire's daughters are truncated. Diagram B represents dif­
ferential culling, the poor sires having a greater portion of their daugh­
ters truncated. 
Truncation by a constant percentage 
The effect of truncation on the mean and variance of a normal distri­
bution is well known. The mean of a standard normal distribution, N(0,1), 
after truncation^ is a simple ratio (Mills, 1926) which we will write as 
u = - (7) 
P 
II 
In this equation u is the mean of that part of the distribution remaining 
after truncation, p is the percent saved and z is the height of the ordinate 
of the normal curve at the point of truncation, T. Pictorially, the 
supra double prime (") will be used to indicate a parameter after 
truncation. 
80b 
parameters can be shown as follows: 
T Ou 
The variance of the distribution after truncation is 
£(£ - 1) 
P P 
(8) 
where T is in standard deviations (Dickerson and Hazel, 1944). 
If we have a series of normal distributions with means of S. + u and 
X 
2 
variances each of which is equal to we have a situation such as des­
cribed by Equation 2, The effect of a constant percentage of truncation of 
I f  
each of the subpopulations upon t is easy to compute • The variance within 
a subclass will be reduced according to Equation 8. Since homogeneity of 
variance is assumed, each variance will be equally reduced and the pooled 
"2 "2 
value, cr^ , will be equal to any Each subclass mean, S^, will be 
raised by a constant, u , which can be computed (in terms of standard devi­
ations) from Equation 7. The new means, + u , will have a variance 
If the 
H o  
il = 
2 If 2 2 
of CTg since u is a constant. values for cr^ and 0"| arc computed 
after truncation, T becomes t = ^  
o-« + "2 
, a value which no longer meets the 
w_ 
requirements necessary for it to be called an intra-class correlation. 
"2 2 
With truncation at a constant percentage, cr^ is equal to or^ at all levels 
of truncation. 
The effects of different levels of truncation of sets of subpopulations 
with different intra-class correlations are shown in Table 17. The values 
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A, Truncation by a constant percentage 
Figure 9. Schematic description of two types of truncation of normal sub-
populations 
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I I  
Table 17. Values of 4t when truncation is applied equally to normally 
distributed paternal half-sib populations 
4t before Percent truncated 
truncation gg go 75 50 25 10 
,05 .25 
20 .87 
30 1.20 
40 1.48 
50 1.72 
60 1.93 
70 2.11 
80 2.27 
95 2,49 
.19 .21 
1.00 .75 
1.36 1.05 
1,65 1.31 
1,90 1.54 
2,11 1.74 
2,30 1.92 
2.45 2,09 
2,65 2,31 
,13 ,09 
,51 ,36 
,73 .53 
.94 .69 
1.13 .84 
1,31 .99 
1,47 1,14 
1,63 1,27 
1.84 1,47 
,07 ,06 
,28 .24 
,41 .36 
.54 .48 
.67 .60 
.79 .72 
.92 .83 
1,04 .94 
1,22 1,11 
I I  I I  
are presented as 4t rather than t to make the effects of this type of trun­
cation upon heritability estimates easier to see* If heritability in a 
complete population were 0.30, and ten percent of each half-sib group were 
I t  
truncated, the computed value of 4t would center around 0.41, 
Truncation at a^ constant truncation point 
Truncation at a constant total population level, as illustrated by 
Figure 9B, causes heterogeneity among the variances within subclasses. 
Furthermore, in finite populations it will cause unequal subclass numbers 
and a correlation between the numbers and the variances within subclasses. 
The percentage truncated in each subclass will be dependent upon the sub­
class mean. 
The effect of this type of truncation on 4t was solved by simulation 
83 
techniques» Populations comparable to those in Figure 9B were generated 
and analyzed by electronic computer. 
Initially, random variables (X^) were generated according to the pro­
cedure published by the International Business Machine Corporation (1959) 
such that 0 < < 0.99999. Twelve such random variables were summed and 
the sum transformed to Z, a standard normal deviate^: 
12 
Zi = { I 12/2 I / / 12(10/12) (9) 
i=l 
A Z value was generated for each S^, Each was then transformed so 
2 2 
that its expected distribution was N(0,crg). The size of CTg was de­
pendent upon the level of heritability which was under construction: 
c^s 2 / t 
t = -2 2 equating cr^ to 1, °"s " V 1 - t * 
s 
Accordingly, setting equal to , gave the desired form. 
Additional Z values were generated to represent the errors (e^^) and 
were added to to yield Y^j, in accordance with Equation 2, Each Y^j 
was then standardized such that Y../v N(0,1), This final standardization 
^The random variables are assumed to be selected at random from a uni­
form distribution with a mean of 1/2 and a variance of 10/12. According to 
the Central Limit Theorem the should approximate a standard normal dis­
tribution. 
84 
was to allow the specification of T, the truncation point, in standard 
deviations which would apply to all levels of T. 
I t  
It was decided that computations of 4T from the simulated populations 
should be carried for three situations: (1) complete sample, (2) truncated 
sample and (3) truncated sample with replacement of the truncated Y^j's by 
other Y^j's randomly drawn from the same subpopulation but above the trun­
cation point. The first situation represents a control group with no trun­
cation while situation (2) represents a sample with unequal numbers and (3) 
duplicates the truncated situation (2) except that equal numbers are main­
tained. The same Y^^j values were used in each of the three situations 
except, of course, for the replacement values, A new set of Y^j's were 
generated for each level of t and for each level of truncation. 
Three levels of truncation and five levels of T were selected. For 
each of these fifteen (3 x 5) classifications, a sample of fifty sires, 
each with twenty daughters were produced: that is initially, before 
truncation 
i = 1,2,,.,,50 ; a = 50 
j = 1,2,,,,,20 ; n^ = 20 for all i, 
rr 
The values of 4t were computed for each of the fifteen classifications. 
The process was then replicated for a total of eleven replicates so that 
ir 
each 4t: was estimated eleven times. The variance among these eleven esti­
mates was used to place a standard error on the mean value. The mean values 
T f  
of the sets of eleven 4t are given in Table 18. 
High levels of truncation caused some of the subpopulations to be en­
tirely eliminated. Any subpopulation having four or fewer Y^^ remaining 
after truncation was dropped from that computation. These truncated 
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Table 18, Effect of truncation of the total population on 4t estimates' 
Programmed level of 4t 
.10 .30 .50 .70 .90 
Truncation point: -1.5 standard deviations (6.7%) 
Population^ ———————--4t———— 
Control .13 .31 .54 .72 ,89 
Truncated .09 .25 .44 .56 .74 
Replenished .09 .24 .41 .52 ,61 
Data lost - Percent*^-
Sires 0 0 0 0 0 
Daughters 6,2 7,6 7,2 6,7 7.1 
Truncation point: -1.0 standard deviations (15.9%) 
,b II Population —————————4t—————— 
Control .09 .27 .45 ,71 ,88 
Truncated .07 .19 .25 .49 .61 
Replenished .08 .18 .26 ,47 ,54 
Data lost - Percent*^-
Sires 0 0 0 0 0,6 
Daughters 15,6 15,9 15,6 15,3 16,6 
Truncation point; 0 standard deviations (50,0%) 
h '* Population —————————4t—————— 
Control .07 .23 .38 .54 ,74 
Truncated .04 .11 ,14 .25 .46 
Replenished .08 .21 ,31 ,53 ,76 
Data lost - Percent^-
Sires 1,8 3,8 4,4 10,4 8,4 
Daughters 49,8 51,0 51.4 52,2 49,5 
^ee Figure 9B, 
^Each value is the mean of eleven replicates and has a standard error 
of less than 0,07, 
CThe percent of daughters lost is in reference to the truncated group 
only. Truncated sires were removed from all three groups. 
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subpopulations were not replenished nor were they included in the control 
groups, 
The control values fell agreeably close to the programmed values of f 
II 
at low levels of truncation. Truncation caused 4t to be lower than t as 
long as no subpopulations were eliminated. When subpopulations were elim-
t t  
inated, 4t depended upon whether or not the numbers of the remaining sub-
populations were replenished or not. 
That part of heterogeneity of variance which is caused by truncating 
t t  
subpopulations at a constant level will cause a decrease in 4t. The de­
crease is greater for the higher 4t levels. When the truncation point 
approaches the population mean, the decrease at the higher levels of 4tr 
is even more severe. 
I f  
The decrease in 4t which is caused by a single truncation level is 
not as large as is the increase caused by truncating each subpopulation by 
a constant percentage. At the levels of truncation and 4t which were stud-
t t  
ied, the decrease in 4t due to truncation at a constant level was between 
10% to 50% while the increase due to truncation by a constant percent was 
often 100% or more. 
Neither type of truncation is exactly characteristic of the selection 
which is actually practiced in dairy cattle, A reference to Figure 5 and 
Figure 8 shows that the actual situation is somewhere between the two kinds 
of truncation. The selection is definitely against the lower end of the 
total population, although it is not sharply truncated. On the other hand, 
each sire subclass has close to an average amount of selection. There is a 
significantly negative correlation between the percent culled, (1 - p), and 
87-88 
the mean, (S^). Such a correlation is one of the characteristics of trun­
cation at a constant level. 
In the case of the Iowa DHIA data, the culled records are available. 
Removing them raised heritability from .32 1" ,04 to ,35 ,04, Most 
culled records were extended by the factors of Madden et (1959) , 
These factors appear to bias the extended records upwards because they 
were developed from records which were of at least 305 days in length. 
Lactation curves from Iowa data have been shown by Spike^ to fall off more 
rapidly for incomplete records. 
The above considerations indicate that the decrease in heritability 
estimates which is caused by the heterogeneity of variance resulting from 
selection of one kind is easily canceled by the increase resulting from se­
lection of another kind. How well the two types of selection cancel each 
other's effects will depend upon the exact form of selection involved. 
Sire Indexes 
The evolution of sire indexing has been well described by Bereskin 
(1963), Refinements, including the use of intra-class correlations in 
accounting for incomplete repeatability and for genetic differences between 
herds, have become important as sire selection has intensified. 
Twice the arithmetic mean of the records of a sire's daughters, 2y^ , 
is an unbiased estimate of the sire's breeding value, , provided that 
the daughter's production records are a random sample, A random sample is 
^Spike, P,W,, Ames, Iowa, Lactation curves by months in milk. Per­
sonal communication, 1965, 
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almost never achieved because of the nature of the dairy cattle industry. 
Sometimes a balance of herd levels and a truly random choice of mates are 
attempted in young-sire sampling programs. If either randomness or balance 
can be assured, y^ will yield an unbiased estimate of 1/2 g^ or u + S^, 
regardless of the size of the variation among the daughters. 
Heterogeneity of the variance of errors of different records will not 
bias the arithmetic mean* The statistic will not necessarily have mini­
mum variance, but it will be unbiased: 
E(y,) = JLs E(Y ) = u + S 
i ni j i 
or simply, E(yp = for records which are expressed as deviations from 
the population mean. 
Most often randomness or balance cannot be assured and some means of 
correcting the index must be employed. Herd effects, seasonal effects, age 
effects and length of lactation are usually removed or standardized before 
an index is computed for a sire. Fairly reliable constants for use to cor­
rect for age and length are available. Such constants are almost univer­
sally used within the United States, Current sire indexes are based on 
daughter records which have been deviated from herdmates to correct for 
herd-year-season effects• 
The herd-year-season effects are estimated from herdmate means, HA, 
and are then adjusted for the incomplete repeatability which results from 
estimates based on small numbers. Following the notation of Bereskin 
(1963), the HA are adjusted toward the mean of all cows in the particular 
year-season under consideration: 
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AHA = p' + (HA - ji'), (10) 
n 4- CT 
e 
where ju' is the year-season mean 
n is the number of herdmates 
CTg is the variance within a herd 
cr^ is the variance between herd-year-seasons 
and HA is the simple average of the herdmates. 
The variances between and within herd-year-seasons can be estimated 
2 
from a simple analysis of variance. The between subclass component, cr^, 
can be estimated free from the bias of heterogeneity of variance as shown 
in the section on intra-class correlations. 
There is evidence of heterogeneity of the variance within herd-year-
season subclasses (Tucker and Legates, 1965). Separate regression values, 
n 
,could be computed for each herd-year-season. An estimate of each 
n +cr^. 
o 
CTg would be taken from the variance among the herdmates. However, the 
small number of herdmates which are ordinarily found within a herd-year-
season (Figure 10) would make such a computation ridiculous. In situations 
where large numbers of herdmates are available, the regression coefficient, 
w , is so small that it is inconsequential, 
n + 0"^  
e 
No. of rec'ds 
500 
400 
300 
200 
100 
vo 
mean 
30 35 AO 45 "" 50 
Number of herdmates 
Figure 10. Distribution of the number of herdmates 
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The adjusted herdmate averages, AHA, are regressed to account for ge­
netic differences between herds « The result is termed the regressed ad­
justed herdmate average, RAHA. The regression coefficient used in com­
puting the RAHA may be arrived at by regressing the record of a daughter 
on her contemporary adjusted herdmate average. Heterogeneity of variance 
will not cause any difficulty in arriving at a suitable figure. Both the 
covariance and the variance will be average values, probably what one would 
decide to use if true heterogeneity were present. 
One additional aspect of sire indexing which needs attention is the 
adjustment to account for the expected regression of the future daughters 
of a sire toward the mean of the population. This final adjustment be­
comes desirable when one wishes to account for differences in the pre­
cision with which one estimates the breeding values of sires having differ­
ing numbers of daughters. Such regressions make use of the ratio 
+ <4/n 
the parameters being the same as those which were previously defined. 
2 This ratio, providing Cg is a measure of genetic variation, describes the 
genetic portion of the variance among sire indexes. 
2 
In the presence of heterogeneity of variance, cr^ should be written as 
o"^  . We have already shown that heterogeneity among the variances within 2 
'i 
sire subclasses probably exists but in smaller amounts than Bartlett's 
test indicates. The question then, is whether each sire index should be 
2 
regressed by an estimate of computed specifically for the sire or 
whether one value is suitable for use among all sires. 
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Certainly one value is better than no value at all when one wishes to 
rank sires with due consideration to their rnumber of daughters. Greater 
equity can be meted out by utilizing a separate regression coefficient for 
each sire, one which takes into consideration the true variance expected 
among his daughters. The difficulty, of course, is in knowing the true 
2 2 
value of cr„ . No useful indicator of cr^ was found in this study, Re-
i i 
liance must be placed upon the estimate derived from the data itself. 
^ 2 The standard deviation among the cr of those Iowa sires having at 
2 ^ 2 
least 64 daughters was 1,100,000 lbs, while the range was 4,100,000 lbs. 
The standard error of o"^ when based on about 75 daughters was about equal 
to the standard deviation among the , The standard error of a 
i i 
based on fewer than 10 daughters was about equal to the range (see Figure 
O 
7), Estimates of (T„ involving fewer than 75 daughters will add more 
i 
error than precision to the regression procedures. 
The regression coefficient. Equation 11, for sires having 75 daughters 
would range between ,77 to ,38 if the largest from Table 16 is used, 
depending upon the value used for , and between ,62 to ,22 if the 
a2 ^ 
smallest or is used. These sizable ranges indicate that individual re-
®UB 
gressions would provide a more equitable means of adjusting sire indexes 
for numbers of daughters when the sire has at least 75 daughters if the 
A2. 2 
variance among the cr^ is indicative of true heterogeneity among the , 
Application of individual regression coefficients would require that 
they themselves be regressed for incomplete repeatability. Sires having 
at least 75 daughters would be regressed individually while sires with 
fewer than 75 daughters would be regressed nearly equally. Such a practice 
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is not likely to be generally accepted. The precision it would add to 
early sire indexes in which the sire has only a few daughters would be nil 
unless one knew a priori the variance within that sire. 
Modern sire indexes are well constructed in spite of minor inadequacies. 
Their usefulness can be measured by correlating replicate indexes of a sire 
based on independent samples of daughters. McDaniel and Corley (1965a) 
correlated the USDA index for sires having cumulative groups of 10 daugh­
ters with a second index based on independent samples of 120 daughters» 
The correlations increased from 0.52 for sires with 10 daughters in the 
first index to 0.83 for 120 daughters. The correlation of 0.83 would be 
expected from a heritability of 0.16. Perhaps environmental correlations 
were active between groups. 
The correlation of .80 between the mean of California daughters of 
ABS bulls and the USDA index for these same sires (see page 37) is quite 
high considering that the daughters were under different environmental 
conditions and that different regression coefficients were used in computing 
the two indexes. Meek and Van Vleck (1964) published a correlation of 
0.82 between a Cornell index and the USDA index of 65 sires. Many of the 
same daughters appeared in both indexes. A correlation between the USDA 
and Iowa indexes, was found in the present study, to be as high as 0.99 
(Table 13). The correlations tended, as expected, to increase as the num­
ber of daughters increased. Numbers of daughters, although expensive by 
comparison to statistical adjustments, can add precision to sire indexes. 
The correlation between independent estimates of a sire's breeding 
value is close to 0.80 for indexes computed from between 75 and 100 
95 
daughters. This correlation is high in spite of heterogeneity of variance 
and is cause for confidence in modern sire indexing procedures. The nature 
of the causes of heterogeneity of variance in milk production data will 
need to be understood before a consideration of heterogeneity of variance 
will help to raise the correlation. 
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CONCLUSIONS 
The conclusions to this dissertation may be summarized as follows: 
1. Heterogeneity of subclass variance is a general characteristic of 
milk production. 
2, The subclasses which exhibit heterogeneity of variance are of a 
wide variety, some being environmental and some genetic, 
3» The heterogeneity among the subclass variances is irregular and 
cannot, at present, be characterized by any one factor or combination of 
factors. The relationship to the mean is persistent but is too minor 
within breeds and lactations to be useful in transforming data to correct 
for heterogeneity. Only a portion of an estimated correlation between a 
mean and variance is due to a true relationship between the population 
means and variances. Another portion may be due to non-normality of the 
populations from which the samples are drawn. 
4, Random errors associated with single lactations appear to be truly 
heterogeneous. A part of this heterogeneity may be associated with hetero­
zygosity or other genetic or environmental factors. Heterogeneity of the 
variances within paternal half-sib groups appears to be real. No signif­
icant relationship, either environmental or genetic was found, however, 
5. Heterogeneity of subclass variance can cause a serious bias to 
estimates of intra-class correlations. Truncation of a population of 
normal subclasses at a, constant level of the gross population, one of the 
many possible causes of heterogeneous variance, will cause intra-class 
correlations to be underestimated especially when the truncation causes un­
equal subclass numbers in the sample. 
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6, Heritability estimates derived from the intra-class correlation of 
paternal half-sibs were not greatly affected by heterogeneity of subclass 
variance. Opposing forces seemed to cancel some of the biases. The intra-
class correlations are vulnerable to the effects of truncation of a con­
stant percent of each subclass or to bias caused by selection among sub­
classes. Differences in these factors may account for different herit­
ability estimates from one set of data to another. 
7. No important improvement in sire indexing is likely by including a 
consideration of heterogeneity among subclass variances. 
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